ON THE POINT SPECTRUM OF NONSELFADJOINT
PERTURBED OPERATORS OF WIENER-HOPF TYPE
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ABSTRACT. In this paper there are obtained results on the finiteness of the point
spectrum of some nonselfadjoint operators. In particular the operators of Wiener-
Hopf type acting in arbitrary Hilbert space, l2 and L2(R4) are considered.

In the present paper there is examined the problem of finiteness of the point
spectrum of some nonselfadjoint operators. The similar problems have been studied
for differential operators of second order [1,2] and fourth one [3], operator with finite
difference of second order [4], Wiener-Hopf integral operator [5], for Friedrichs model
[6] ete. Usually, in the case of nonselfadjoint perturbation, the problem of finiteness
of the point spectrum is reduced to the theorem of uniqueness of analytical function.

In this paper the problem is solved by the method of holomorphic extension of
resolvent of unperturbed operator through continuous spectrum and application of
the theorem of holomorphic operator-valued function. The obtained results are in
concordance with those established in [1-6]. Moreover, it is possible to generalize
substantially the results from [4], where it is considered the operator L generated
by the difference expression

(Ly); = %(yﬂ +yi) Hby . (G=1,2,...)
where (y;) € lo; yo = 0y1; b; € C (j = 1,2,...); § € C. There is considered
the operator with finite difference of any order and more general perturbation (not
necessarily diagonal).

In the first section, we give a general scheme about finiteness of the point spec-
trum of perturbed operators. In section 2, we prove an abstract theorem for the
case of abstract Wiener-Hopf type operators. The sections 3-5 contain various ap-
plications of the abstract theorem. Thus, it is considered the operator generated
by generalized Jacobi matrix, the case when unperturbed operator is with finite
difference (arbitrary order) acting in lo and Lo(R) respectively. The results of the
present paper generalize our previous ones given in [7-8].

2. Throughout the paper, $) will denote a Hilbert space, B($)) the class of all
linear and bounded operators on ), B ($) the class of compact operators on £).

Let Hy and B be linear and bounded operators on $) such that the following
assumptions are fulfilled:

(1) The operator Hj is selfadjoint and o,(Hy) = 0;
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(2) The operator B can be represented in the form B = RTS, where
R,S €B(9), T € Bx(9);
(3) There exists Q= (\) = s—lim Q(A+ie) (A € R), where Q(A) = S(Ho — MR

(A € p(Ho)).
For simplicity of notation, let @+ (A) be the operator-valued functions defined on
TL:, which are equal to Q(A\) if A € [Ty = {z € C |+ Imz > 0} and Q+(A) if A € R.

Proposition. If A € 0,(Ho + B) then Ker(I + Q+(X\)T) #0, i.e.

(I+Q:(NT)f =0, (f €9, [f#0). (1)

The proof of this proposition coincides essentially with those from [10] or [11],
where the case of selfadjoint operator is discussed. Due to previous proposition for
finiteness of the point spectrum of the operator Hy+ B, it is sufficient to prove that
Ker(I +Q+(MN)T) # 0 for a finite number of values A € C.

3. Let V be an isometric operator (non-unitary) defined on $ such that the
operator V* has no eigenvalues on the unit circle T = {z € C | |z| = 1}.

Hereafter, K(V) denotes the linear span (nonclosed) of the operators V"
(n = 0,41,£2,...), where V* = (V*)™" (n = —1,-2,...), and respectively, we
will denote by RK_(V) (8+(V)) the linear span of the operators V"
(n=20,—-1,...)(V™ (n = 0,1,...)). The closure of the linear sets K(V), R+ (V)
in B($) will be denoted by R(V) and Ry (V) respectively. Ry (V) are commu-
tative subalgebras of the algebra B($)). The elements of the subspace R(V) are
called the operators of Wiener-Hopf type (see for instance [9]). In this context, the
operator A € R(V') can be regarded (in some sense) as the value of its symbol at V/,
ie. A=a(V). The set of all symbols constitutes the space C(T) of all continuous
functions on T. Simultaneously, the set of symbols of operators from R (V) (re-
spectively R_(V)) coincides with the set C(T) (respectively C_(T)) of all func-
tions from C(T) which have holomorphic extension to W+ = {z € C | |z| < 1}
(respectively W= = {z € C | |z| > 1}). If a(z) € C(T) is a real-valued function,
then the operator a(V) € R(V) is selfadjoint on . In this case, the spectrum of
operator A is the set of all values of the function a(z) on the unit circle T, i.e.
o(A)={a(z) | z € T}.

From now on, we will use the notations: T,r = {z € C | r < |z| < R}
(0<r<R), Wi={:€C||2|$6}(5>0), Ts="Tsz (5€(0,1)).

It is supposed that the function a(z) is analytic on a ring T, r (0 <r <1< R)
and a(z) € R (z € R).

Let H be an operator of the form

H=H,+B, (2)

where Hy = a(V) and B € B($). The operator Hy is selfadjoint and o(Hp) =

[a,b] C R, where a = miqrrla(z),b = ma%a(z). Moreover, o,(Hy) = 0 (see, for
z€ ze

example, [9]).
In the sequel, conditions on the operator B (generally speaking nonselfadjoint)
will be indicated for finiteness of the point spectrum o,(H) of the operator H.
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Theorem 1. Let Hy, B be operators that satisfy the following conditions:
(i) Hy = a(V), where a(-) is an analytic function on a ring T,pr
(0<r<1<R);
(ii) a(z) € R (z € T);
(iii) The operator B can be represented in the form B = RT'S, where
jvs € B (YJ)’ TiEOO (57));
(iwv) lim {/]|SV?| <1, lim {/||R*V"|| < 1.
n—oo n—oo
Then the set of all eigenvalues of the operator H = Hy+ B is finite. Moreover, the
possible eigenvalues have finite multiplicity.

Without loss of generality, we will prove this theorem in the case, when the
function a(z) introduced in (i) is analytic on a ring Ts (6 € (0,1)). Now we are
going to prove some auxiliary lemmas.

Lemma 2. Suppose that the function a(z,\) is analytic on the set Tg x U(Ng)
for an & € (0,1), continuous on the boundary of Ts and a(z,\) # 0 ((z,\) € Ts x
UXo)),ve(N) = iré(%a(ézJ\) =0(AeU(X))v—(N) = iré(%a(§7)\) =0(AeU()).

Then there exists the operator (a(V, )\))71 € B($H) (A € U(\o)) and the operator-
valued function (a(V, /\))_1 is analytic on U(Ao).

Proof. Let us consider the function a(%,A) on Ts x U(Ag). This function satisfies

the following conditions: a(%, ) (z € T, A € U(Xg)) is continuous in 2, a(%,\) #

0(z € T,\x € U(h)), in%a(%,A) =0 (A € U(N)). Due to the theorem about
z€E

factorization of continuous functions on the unit circle (see, for example, [12]), the

z

function a(%, ) can be represented in the form
a(5.0) = as(z Na- (2,4 3)

where a(z,\) are analytic in z on W* (A € U()\g)), ax(z,A) #0 (z € Wi, A€

U(Xo)). Moreover, oy (z, A) are determined by the formulas

1 In a(%, A)

27i (—=z
T

Inas(z,\) =+ ¢ (zeWw?), (4)

and ag € RE, alt € RE (see [9],[12]).

Since a(%,A) # 0 (A € U(X\o), 2z € T) and it is analytic on U(\o), it follows from
(4) that ay(z, \) are analytic in A on U()\g).

So,

a_(z,\) = a(z,)\> a7l () (zeT,AeU(\)).

Since the function o '(z,A) is analytic on W x U(Xo) and a(Z, A) is analytic
on Ts2 1 X U(Ng), it may be concluded that the function a_(z, A) has holomorphic
extension in z from W~ to Wy, (A€ U(\o)).

Thus

a(z,A) = aq(z,N)a_(z,A)
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where ay (z,\) = ay(0z,\) (z € Ts, A € U(N)).
Therefore

a Nz, ) =ai' (2, \) aZl(z,\) (z € Ts, A € U(N)) (5)

and as, a;l € M=, it follows that a;l(z, A) can be represented in the form

ai'(z,A) =) b(N2", (z€ W;A € U(\o))
k=0

0
a”l(z, ) = Y b(V)2F, (z € W5, A€ U(N)).

k=—o0

Since bi(A) (k € Z,\ € U(\y)) are Fourier coefficients, the functions by (\)
(k € Z) are analytic on U(Ag).
It follows from (5) that

a MV, A) =D bWV bWV (A e U(N)).
k=0 k=0

O

Lemma 3. For any Ao € R there exists a neighborhood U(\g) (generally speaking
on the Riemann surface), such that the function Q4 (X\) has holomorphic extension
from U(Xo) NI to U(Xo). Furthermore, Ao is an algebraic branch point. The
same is true for the operator-valued function Q_(\).

Proof. For the case Ag € p(Hp) the proof is obvious, because of the analyticity of
the resolvent function on the resolvent set p(Hy).

Let Ao € o(Hy). Consider the function a(z) — X on T, x U(Ag), where U(\g) is
a neighborhood of point Ag. This function is analytic on T, x U(XAo) (7 € (0,1)).

Let z1,29,...,2, be the roots of the function a(z) — Ao, mi (kK = 1,...,n) be
their corresponding multiplicities. Without restriction of generality we can assume
that z;, € T (k=1,...,n),a(z) — Ao # 0 (z € T, \ T). By virtue of the implicit
function theorem (see for instance [13]), it follows that a(z) — A can be represented
in the form

a(z) = A= (z—a1(N)(z —az(N) ... (2 — ar(N))ag(z, ) , (6)

where z € T, A € U(M\o),a; (j =1,...,k) are analytic branches of the functions
zs (s=1,...,n),m1 +ma+ - +m, =k, the ag(z, A) is analytic on T, x U(\g)
and ag(z,A) # 0 (z € T-, A € U(N\g)). Here and subsequently T, and U(Xg) are
choosed conveniently, but without loss of generality we preserve the same notations
T, and U(\g) respectively. It should be noted that the functions a; (j =1,...,k)
can coincide and U(\g) is a neighborhood of the point A\g belonging to Riemann
surface. In this case Ay is an algebraic branch point.
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Suppose that a; (j =1,...,k) are counted such that

la;(A)] <1 (G=1,...,8,2€U(N)NII)
;N >1  G=s+1,.... kA€ Ulo)NIL) (7)

It is easily seen that k = 2s and the function z°ag(z, A) satisfies the conditions of
Lemma 2. It follows from (6) and (7) that the operator (Hog — A) ™" (A € U(Xg)NILy)
can be represented in the form

(Ho—X0) ' = (V=as1(N) " (V= ar(N) 7!
bV, NI —ar(NVH ™ (I —as(V)VF)™H, (8)

where b(V, )\) is the operator from PR with the symbol (z%ag(z,\)) ™!
From (8) we have

(Q+(N)f.9) = (V. —ar(MV) ™. (I = as(\)V*) 'R,

(V* =G (A) 7 (V" = a(N) ' Sg) 9)
where A € U(Ao) NIL4; f,9 € $.
Since,
(T—2V)t=3"2VY | (zeW")
3=0
it follows from (9) that
@ (Nfrg) = ( NS BVRES D0 V*JSg) (10)
7=0 7=0

where f,g € 9, A € U(\o) NI} and P;(A),Q;(N) (j =0,1,...) are polynomials of
degree j in ai(N),...,as(\) and %;1(/\),..., akl(/\) respectively.

Let r; = lim {/||[R*V"|, 7o = lim {/||SV"| and § = max{r,r;,72}. Choose
U(Xo) such that a;(X) € Ts (A€ U(Xo);j =1,...,k).

Thus, the series

STRVYRF LD TQ; WV Sy (11)
j=0

Jj=0

converge absolutely for A € U(\o); f, g € 9.
Actually,

ZHP WHRF <Y IR IIVIR] £l <
7=0

SO ZIBRVILIAI (€U0, /€ 9)
7=0
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Since lim {/ w < 1 the first series from (11) converges absolutely. Similarly
n—oo

the second series converges absolutely too.
Thus, the right-hand of the equality (10) is equal to

> Pa(N) Qi) (0(V, VRS,V Sg) (12)
n,j=0
where A € U(\o); f, g € H. Moreover, the series from (12) converges absolutely and

o0

D PaNQ;NOV NV RE VS < |If] llgll

n,j=0

where ¢ = ¢(§) e Ry; A € U(No); f,9 € 9.

So, the expression (12) represents a bounded biliniare functional on $ x §) for
each A € U()\g). According to Riesz theorem, this biliniare functional generates
an operator Q1(A) € B(H) (A € U(N\o)). Since, a;(A) (j =1,...,k;X € U(\o)) are
analytic branches of functions z;(\) (j = 1,...,n) with X = A¢ algebraic branch

point, it follows that a; (j =1,...,k) can be expanded into a Puiseux series. This
gives that
(QiNS,9) = o+ 3. Bi(£9)(A = Ao)b | (13)
j=1

where A € U(Xo); f,9 € 9;p € N, B;(f,9) (j € N) are biliniare functionals on $) x §
and as weak analyticity coincides with strong analyticity (see for instance [14]), the
function Q1 (\) is analytic on U(Ag).

By equalities (10) and (13) the function Q1 () coincides with Q4 (A\) on U(Ag) N
I, and therefore Q1()\) is a holomorphic extension of the function @4 () from
U(Mo)NILy to U(Ag), with U(Ag) being placed into Riemann surface and A\ algebraic
branch point. [

Since Q4 (A) is analytic on C\ [a,b] and ||Q+(N)|| — 0 (J]A\| — o), by theorem
about operator-valued function which is holomorphic on a domain [14,15], it follows
that the set of all A € C which satisfies (1), is at most countable. Moreover, the
possible points of accumulation belonging to [a, b].

Let Ao € [a,b]. By Lemma 3, @4 ()\) can be represented in the form

Qr(N) =Xl + > BEOA—Xo)7 (14)
j=1
where A € U(X\o),p € N, B € B(%) (j € N).

Take t = (A — )\o)% (A € U(N\g)). The image t(U(Ng)) of the neighborhood
U(X\g) will be the neighborhood Uy of the point ¢ = 0. Let us denote Py (t) =
Q+ (Ao +tP) (t € Up). Thus, there is a bijective correspondence between the set of
all A € U(\p) such that satisfying (2) and the set of all ¢ € Uy such that

(I+Pe(t)T)f =0 (15)
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where f € 9, f #0.

From (14) the operators Q4 (t) can be written in the form Py(t) = > Bftj,
j=0

where t € Up,and BOjE = MoI. By the theorem about holomorphic operator-valued
function, it follows that Ker(I + Py(t)T) # 0 for a finite set af values t; € Uy (s =
1,...,m). Moreover, dimKer(I + Py(t;)T) < oo (s =1,...,m). Thus Theorem 1
is proved.

3. Let $ be a Hilbert space and V' an one-sided translation in §, i.e. V*V =1,
and there exists a subspace (called a wandering subspace of V') £, £ C 9, such that

V'E1lg (neN) §=)» aV'e (16)

n=0

In view of (16) every h € $) can be represented in the form

h = i V7 (17)
n=0

where g, € £ (n=0,1,...). Moreover,

)
1R01* =" llgnll®.
n=0

Let us consider the function a(z) analytic on T, for an 7 € (0, 1), real-valued on T,
and the operator H = a(V') + B acting in the space §), where B € B(9).
We assume that S = R = S5, where

Ssh = i e "V,

n=0

h has been given by (17) and 6 € R. For § > 0 the operator Ss is invertible,
its inverse operator is not bounded and it is equal to S_s. Here, we consider the
situation when the operator S_sB.S_s is densely defined and bounded in $) for some
0 > 0. Denote the extension of this operator by Ts.

Theorem 2. If the operator B is such that the operator Ty is compact for some
0 > 0, then the operator H has at most a finite set of eigenvalues. Every eigenvalue
has finite multiplicity.

Proof. Clearly that the operator H satisfies the conditions (4)—(iii) of the Theorem
1. Since,

e’} 2 o} 2
”SVnhH2 _ HS(Z Vn+kgk) _ Z e~ 9(n+k) VnJrkgk _
k=0 k=0
o5} 2 00 9
_ 6—2671 Z e—5kvn+kgk < 6—2571 Z e—5k ||Vn+kgk H <

k=0 k=0
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o0

<e Y gl = e R)? (heHinen),
k=0

we have that [|[SV"| < e™®" (§ > 0). Thus the condition (i) of Theorem 1 is
satisfied. [

4. Let $ = Iy and V be the shift operator in $, i.e. Vo =

(0,21,...,Tn-1,...) (x = (x,) € lz). We consider the unperturbed operator Hy of
o0 o0

the form Hy = 5. aiV*, where ay € C (k € Z) and Y, axz® € R (z € T).

k=—o0 k=—o0

As a perturbation of Hy we take the operator B = [b;x]3%_; € B(%), where bj

o0
are complex numbers. Assume that . |axle™*l < oo for some 7 > 0. This
k=—oc0
o0

assumption is equivalent to analyticity of the function a(z) = Y. azz* on T,. In

this case Theorem 2 can be formulated as follows.

o0
Theorem 3. If > |an|e’*l < oo and the operator generated by the matriz

k=—o
[e‘“"*’k)bnk]ff’k:l 18 bounded in ls for some & > 0, then the operator H = Hy + B
has a finite set of eigenvalues, each of them being of finite multiplicity.

In particular, we can formulate the same result for the operator generated by
generalized Jacobi matrix. Let us consider in the space I the operator H generated
by matrix [ajk];?f’kzl with complex elements such that ajr = ax; (j,k = 1,2...),
and a;, = 0 if |j — k| > n for some n € N.

Suppose that a; j1r — ar (j — o0; k =0,%1,...,£n). Let us denote o =
ajj+k —ar (k=0,£1,...,%n). Thus, the operator H can be represented in the
form H = Hy + B, where

Qjk ’ U'_k|<7l

Hy = VE B = (bS5t bjr=
0 Z ak [ Jkl],kfl jk { 0 , |.7 _ k‘| > n.

k=—n

From Theorem 3 one gets at once the following

Theorem 4. If the sequences (e‘sjajk);?’;l (k=0,%1,...,£n) converge for some
0 > 0, then the point spectrum of the operator H is at most a finite set. Further-
more, the possible eigenvalues have finite multiplicity.

5. It should be mentioned that Theorem 1 could be applied in different cases.
In this section, we consider the operator V generated in the space La(Ry) by the
expression
flx—1) , x>1

(Vﬁmﬁz{o 0<z<l.

As an unperturbed operator Hy, we choose the following selfadjoint operator

oo

HQZ Z anV” 5

n=—oo
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o0
where a,, € C (n € Z) and > a,2™ € R (z € T). The operator Hy represents an
n=-—oo

operator with finite difference of arbitrary order. Let us consider a perturbation of
the operator Hy by the integral operator

(Bf)(x) = / ba.y) [y, (f € La(Ry).

R+

Suppose that the kernel b(-,-) is such that the operator B (generally speaking
nonselfadjoint) is bounded in Ly(Ry). Let S and T be the operators in Ly(R4) of
the form

(SF)(x) = e f(x) , (Tf)(x) = / S y) fy)dy |

Ry

where 6 > 0. Then B = ST'S. It can be easily verified that the following Theorem
is true

Theorem 5. If for some § > 0, the integral operator with kernel e*@TVb(x,y) is
bounded on La(Ry) and Y. e"l|a,| < oo, then the operator H = Hy + B has a

n=-—oo
finite set of eigenvalues, each of them being of finite multiplicity.
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