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Integral Characterizations for (Strictly) Positive Definite Functions

We summarize some facts about integral characterizations of positive
definite functions.

They were established in the 1930s by Bochner and Schoenberg.

We will also mention more recent extensions to strictly positive definite
functions that are needed for the scattered data interpolation problem.

Many more details in [Wen05].

We start with a very brief discussion of concepts from measure theory
and integral transforms that appear in the results later on.
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Integral Characterizations for (Strictly) Positive Definite Functions Some Important Concepts from Measure Theory

Bochner’s theorem below is formulated in terms of Borel measures.

Definition
Let X be an arbitrary set and denote by P(x) the set of all subsets of
X . A subset A of P(X ) is called a σ-algebra on X if
(1) X ∈ A,
(2) A ∈ A implies that its complement (in X ) is also contained in A,
(3) Ai ∈ A, i ∈ N, implies that the union of these sets belongs to A.

Definition
Given an arbitrary set X and a σ-algebra A of subsets of X , a measure
on A is a function µ : A → [0,∞] such that
(1) µ(∅) = 0,
(2) for any sequence {Ai} of disjoint sets in A we have

µ(
∞⋃

i=1

Ai) =
∞∑

i=1

µ(Ai).
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Integral Characterizations for (Strictly) Positive Definite Functions Some Important Concepts from Measure Theory

Definition
If X is a topological space, and O is the collection of open sets in X ,
then the σ-algebra generated by O is called the Borel σ-algebra and
denoted by B(X ).

If in addition X is a Hausdorff spacea, then a measure µ defined on
B(X ) that satisfies µ(K ) <∞ for all compact sets K ⊆ X is called a
Borel measure.

The carrier of a Borel measure is given by the set

X \ {O : O ∈ O and µ(O) = 0}.
aX is a Hausdorff space if any two distinct points of X can be separated by

open sets
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Integral Characterizations for (Strictly) Positive Definite Functions A few important integral transforms

Definition

The Fourier transform of f ∈ L1(Rd ) is given by

f̂ (ω) =
1√

(2π)d

∫
Rd

f (t)e−iω·tdt , ω ∈ Rd ,

and its inverse Fourier transform is given by

f̌ (t) =
1√

(2π)d

∫
Rd

f (ω)eit ·ωdω, t ∈ Rd .

This definition from [Rud91] is based on angular frequency and is used
in, e.g., [Wen05, SS02].
Another, just as common, definition from [SW71] uses ordinary
frequency, i.e.,

f̂SW (ω) =

∫
Rd

f (t)e−2πiω·tdt =
√

(2π)d f̂ (2πω).

It appears, e.g., in [Buh03, CL99].
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Integral Characterizations for (Strictly) Positive Definite Functions A few important integral transforms

Similarly, we can define the Fourier transform of a finite (signed)
measure µ on Rd by

µ̂(ω) =
1√

(2π)d

∫
Rd

e−iω·tdµ(t), ω ∈ Rd .
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Integral Characterizations for (Strictly) Positive Definite Functions A few important integral transforms

Since we are frequently interested in positive definite radial functions,
we note that the Fourier transform of a radial function is again radial:

Theorem

Let Φ ∈ L1(Rd ) be continuous and radial, i.e., Φ(x) = ϕ(‖x‖). Then its
Fourier transform Φ̂ is also radial, i.e., Φ̂(ω) = Fdϕ(‖ω‖) with

Fdϕ(r) =
1√

rd−2

∫ ∞
0

ϕ(t)t
d
2 J d−2

2
(rt)dt ,

where J d−2
2

is the classical Bessel function of the first kind of order d−2
2 .

Proof.
See [Wen05].

This transform is also called Fourier-Bessel transform or Hankel
transform.

fasshauer@iit.edu MATH 590 – Chapter 2 9

http://math.iit.edu/~fass


Integral Characterizations for (Strictly) Positive Definite Functions A few important integral transforms

Since we are frequently interested in positive definite radial functions,
we note that the Fourier transform of a radial function is again radial:

Theorem

Let Φ ∈ L1(Rd ) be continuous and radial, i.e., Φ(x) = ϕ(‖x‖). Then its
Fourier transform Φ̂ is also radial, i.e., Φ̂(ω) = Fdϕ(‖ω‖) with

Fdϕ(r) =
1√

rd−2

∫ ∞
0

ϕ(t)t
d
2 J d−2

2
(rt)dt ,

where J d−2
2

is the classical Bessel function of the first kind of order d−2
2 .

Proof.
See [Wen05].

This transform is also called Fourier-Bessel transform or Hankel
transform.

fasshauer@iit.edu MATH 590 – Chapter 2 9

http://math.iit.edu/~fass


Integral Characterizations for (Strictly) Positive Definite Functions A few important integral transforms

Remark
The Hankel inversion theorem [Sne72] ensures that the Fourier
transform for radial functions is its own inverse, i.e., for radial functions
ϕ we have

Fd [Fdϕ] = ϕ.
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Integral Characterizations for (Strictly) Positive Definite Functions Bochner’s Theorem

One of the most celebrated results on positive definite functions is their
characterization in terms of Fourier transforms established by Bochner
in 1932 (for d = 1) and 1933 (for general d).

Theorem (Bochner)

A (complex-valued) function Φ ∈ C(Rd ) is positive definite on Rd if and
only if it is the Fourier transform of a finite non-negative Borel measure
µ on Rd , i.e.,

Φ(x) = µ̂(x) =
1√

(2π)d

∫
Rd

e−ix ·tdµ(t), x ∈ Rd .
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Integral Characterizations for (Strictly) Positive Definite Functions Bochner’s Theorem

Remark
There are many proofs of this theorem.

Bochner’s original proof can be found in [Boc33]. Other proofs can be
found, e.g., in [Cup75] or [GV64].

A proof using the Riesz representation theorem to interpret the Borel
measure as a distribution, and then take advantage of distributional
Fourier transforms can be found in [Wen05].

We will prove only the one (easy) direction that is important for the
application to scattered data interpolation.
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Integral Characterizations for (Strictly) Positive Definite Functions Bochner’s Theorem

Proof (easy direction).
We assume Φ is the Fourier transform of a finite non-negative Borel
measure and show Φ is positive definite.

Thus,

N∑
j=1

N∑
k=1

cjck Φ(x j − xk ) =
1√

(2π)d

N∑
j=1

N∑
k=1

[
cjck

∫
Rd

e−i(x j−xk )·tdµ(t)

]

=
1√

(2π)d

∫
Rd

 N∑
j=1

cje−ix j ·t
N∑

k=1

ckeixk ·t

dµ(t)

=
1√

(2π)d

∫
Rd

∣∣∣∣∣∣
N∑

j=1

cje−ix j ·t

∣∣∣∣∣∣
2

dµ(t) ≥ 0.

The last inequality holds because of the conditions imposed on the
measure µ.
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Integral Characterizations for (Strictly) Positive Definite Functions Bochner’s Theorem

Remark

Bochner’s theorem shows that for any fixed t ∈ Rd the function

Φe(x) = Ke(x ,0) = eix ·t , x ∈ Rd ,

from our earlier example can be considered as the fundamental
positive definite function since all other positive definite functions
are obtained as (infinite) linear combinations of this function.

We also saw that linear combinations of positive definite
kernels/functions will again be positive definite. The remarkable
content of Bochner’s theorem is the fact that indeed all positive
definite functions are generated by Φe.
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Integral Characterizations for (Strictly) Positive Definite Functions Extensions to Strictly Positive Definite Functions

In order to guarantee a well-posed interpolation problem we have to
extend (if possible) Bochner’s characterization to strictly positive
definite functions.

We give a sufficient condition for a function to be strictly positive
definite on Rd .

Theorem

Let µ be a non-negative finite Borel measure on Rd whose carrier is a
set of nonzero Lebesgue measure. Then the Fourier transform of µ is
strictly positive definite on Rd .

Proof.
As for Bochner, but with some extra measure theoretic arguments (see
[CL99]).
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Integral Characterizations for (Strictly) Positive Definite Functions Extensions to Strictly Positive Definite Functions

The following corollary gives us a way to construct strictly positive
definite functions.

Corollary

Let f be a continuous non-negative function in L1(Rd ) which is not
identically zero. Then the Fourier transform of f is strictly positive
definite on Rd .

A very useful criterion to check whether a given function is strictly
positive definite is given by

Theorem

Let Φ be a continuous function in L1(Rd ). Φ is strictly positive definite if
and only if Φ is bounded and its Fourier transform is non-negative and
not identically equal to zero.

Proof.
Proof of corollary and theorem in [Wen05].
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Positive Definite Radial Functions

Positive Definite Radial Functions

Earlier we characterized (strictly) positive definite functions in terms of
multivariate functions Φ.

When working with radial functions Φ(x) = ϕ(‖x‖) it is convenient to
call the univariate function ϕ a positive definite radial function.

This is a small abuse of our terminology for positive definite functions,
but commonly done in the literature.

If follows immediately that

Lemma

If Φ = ϕ(‖ · ‖) is (strictly) positive definite and radial on Rd0 then Φ is
also (strictly) positive definite and radial on Rd for any d ≤ d0.
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Positive Definite Radial Functions

We now return to integral characterizations and begin with a theorem
due to Schoenberg (see, e.g., [Sch38, p.816], or [WW76, p.27]).

Theorem

A continuous function ϕ : [0,∞)→ R is positive definite and radial on
Rd if and only if it is the Bessel transform of a finite non-negative Borel
measure µ on [0,∞), i.e.,

ϕ(r) =

∫ ∞
0

Ωd (rt)dµ(t).

Here

Ωd (r) =

cos r for d = 1,

Γ
(d

2

) (2
r

) d−2
2 J d−2

2
(r) for d ≥ 2,

and J d−2
2

is the classical Bessel function of the first kind of order d−2
2 .
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Positive Definite Radial Functions

Remark
Now, for any fixed t, we can view the function ϕt (r) = cos(rt) as
the fundamental positive definite radial function on R since any
such function is given by an infinite linear combination from {ϕt}t .

Moreover, for any fixed t and d the functions ϕd ,t (r) = Ωd (rt) can
be viewed as the fundamental functions that are positive definite
and radial on Rd .
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Positive Definite Radial Functions

A Fourier transform characterization of strictly positive definite radial
functions on Rd can be found in [Wen05]. This theorem is based on
the Fourier transform formula of radial functions given earlier and the
check for strictly positive definite functions.

Theorem

A continuous function ϕ : [0,∞)→ R such that
r 7→ rd−1ϕ(r) ∈ L1[0,∞) is strictly positive definite and radial on Rd if
and only if the d-dimensional Fourier transform

Fdϕ(r) =
1√

rd−2

∫ ∞
0

ϕ(t)t
d
2 J d−2

2
(rt)dt

is non-negative and not identically equal to zero.
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Positive Definite Radial Functions

Above we saw that any function that is (strictly) positive definite and
radial on Rd0 is also (strictly) positive definite and radial on Rd for any
d ≤ d0.
Therefore, we are interested in those functions which are (strictly)
positive definite and radial on Rd for all d .

The characterization for positive definite functions is from [Sch38,
pp. 817–821] and the strictly positive definite case from [Mic86]:

Theorem (Schoenberg)

A continuous function ϕ : [0,∞)→ R is strictly positive definite and
radial on Rd for all d if and only if it is of the form

ϕ(r) =

∫ ∞
0

e−r2t2
dµ(t),

where µ is a finite non-negative Borel measure on [0,∞) not
concentrated at the origin.
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Positive Definite Radial Functions

Letting µ be a point evaluation measure concentrated at t = ε > 0 in
Schoenberg’s theorem shows us that the Gaussian

ϕε(r) = e−ε
2r2

is strictly positive definite and radial on Rd for all d .

Moreover, we can view the Gaussian as the fundamental member of
the family of functions that are strictly positive definite and radial on Rd

for all d since these functions are obtained via infinite linear
combinations of Gaussians of different scales ε.

By Schoenberg’s theorem all such functions that are strictly positive
definite and radial on Rd for all d are given as infinite linear
combinations of Gaussians.
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Positive Definite Radial Functions

Schoenberg’s theorem employs a finite non-negative Borel measure µ
on [0,∞) such that

ϕ(r) =

∫ ∞
0

e−r2t2
dµ(t).

If we want to find a zero r0 of ϕ then we have to solve

ϕ(r0) =

∫ ∞
0

e−r2
0 t2

dµ(t) = 0.

Since the exponential function is positive and the measure is
non-negative, it follows that µ must be the zero measure.

However, then ϕ is identically equal to zero.

Therefore, a non-trivial function ϕ that is positive definite and radial on
Rd for all d can have no zeros.
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Positive Definite Radial Functions

The discussion on the previous slide implies in particular that

Theorem

There are no oscillatory univariate continuous functions that are
strictly positive definite and radial on Rd for all d.

There are no compactly supported univariate continuous functions
that are strictly positive definite and radial on Rd for all d.

Remark
This probably explains the confusion that occurred at the presentation
of compactly supported radial basis functions by Robert Schaback in
Ulvik, Norway, in 1994.
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