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Abstract

In this paper, we consider multivariate interpolation with radial basis functions of finite smooth-
ness. In particular, we show that interpolants by radial basis functions in R? with finite smoothness
of even order converge to a polyharmonic spline interpolant as the scale parameter of the radial basis
functions goes to zero, i.e., the radial basis functions become increasingly flat.

1 Introduction

Radial basis functions (RBFs) have gained popularity over the last few decades in a variety of areas such
as multivariate interpolation, approximation theory, meshless methods, neural networks, and machine
learning. RBFs are typically used to approximate an unknown function f : R¢ — R in the following form

s(@) =) Ajo(lle —a;l), (1.1)
=1

where X := {x1,Ts,...,x,} C R? are given scattered data sites, ¢ : [0, 00) — R is a radial basic function,
and || - || denotes the Euclidean distance. In what follows, we will assume the Fourier transform ¢ of the
RBF ¢ to be nonnegative on R? and positive at least on an open set of R?. In the case of multivariate
interpolation, the expansion coefficients A := (A1,...,\,)7 are obtained by solving the linear system

AX = f, (1.2)

where A := [¢(||x; — wl||)]?l:1 and f := (f(x1),..., f(x,))T represents the given data. By construction,
the function obtained from (1.1) and (1.2) interpolates the function f at the scattered points @1, ..., ;.
Many of the commonly used kernels contain a shape parameter in the following way

¢c(r) == ¢(er), e,r>0. (1.3)

If € is very small, then the basic function ¢. becomes increasingly flat. Moreover, with a very small
€, we have good approximation properties for both interpolation problems and solving elliptic partial
differential equations (see [9, 6, 7, 14]). The condition of system (1.2) is, however, quite large for small e
(see [15]). A so-called “uncertainty relation” or “trade-off principle” quantifying these conflicting effects
of having a small shape parameter have been analyzed in the literature (see, e.g., [12, 16]). However,
it needs to be noted that the trade-off principle holds only if one follows the direct approach outlined
above and uses the matrix A to compute the expansion coefficients A. Alternative approaches that lead
to stable and accurate numerical algorithms for very flat ¢, are presented, e.g., in [6, 5]. However, we will
not discuss these approaches in this paper. We concentrate on the limiting behavior of the interpolants
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as € — 0. It was observed in [2] and later proved in [8, 9, 13| that, for infinitely smooth basic functions
(]| - |I), the limit as e — 0 of the interpolant obtained from (1.1) and (1.2) is a multivariate polynomial
provided some mild assumptions on ¢ and the data points X hold.

Previous work on flat RBF's has concentrated on infinitely smooth basic functions since they are known
to yield spectral approximation orders. However, RBFs with finite smoothness are also of importance,
especially in the setting of random fields. Often one has no a priori information of the smoothness of the
interpolation problems in the random field setting. Therefore it was suggested in [17] that one should
allow flexibility in the smoothness of the random field instead of assuming infinite smoothness. As a
specific type of RBF with finite smoothness, Matérn kernels were investigated there.

We will focus on the discussion of the limit of multivariate interpolants using RBFs with finite smooth-
ness. The motivation for this paper comes from our interest in the limiting behavior of interpolation with
Matérn kernels. It was shown in [4] that many RBF kernels can be computed via a related Green’s
function with respect to an appropriate differential operator L. It turns out that the operator associated
with the Matérn kernel “converges” to the operator associated with the polyharmonic splines as the
shape parameter € — 0 (see [4]). It is natural to ask whether the interpolants with Matérn functions
also “converge” to the interpolants with polyharmonic splines as € — 0. We will confirm this conjecture
by showing that the interpolants based on a class of RBFs with finite smoothness converge to polyhar-
monic splines interpolants. As a consequence, we now know that a large class of infinitely smooth RBF
interpolants converge to polynomial interpolants, and, similarly, a large class of RBF interpolants with
finite smoothness converge to polyharmonic splines. Since univariate polynomial splines are commonly
viewed as a piecewise smooth version of univariate polynomials we suggest that the new insight from this
paper provides us with additional evidence that multivariate polyharmonic splines should (not only from
a variational point of view) be considered as the natural generalization of univariate polynomial splines.

Specifically, we study in this paper RBFs of finite smoothness belonging to the following class. We
consider any RBF ¢ with the following series expansion around 0:

o(r) = Z cprt, (1.4)
k=0

where cg,11 # 0 for some integer v and cor11 = 0 for 0 < k < v — 1. We denote this class of RBFs by
FS(v).

We point out that if the coefficients of all odd powers in (1.4) are zero, that is v = oo, then F'S(v)
reduces to the set of infinitely smooth RBFs. A typical example of an RBF with finite smoothness is the
C?Y Matérn kernel (see [17, 3]):

Kv-i-% (T)TUJF%

T rrowy

R ’UEN(),

where K, is the modified Bessel function of the second kind of order v. Matérn kernels have also been
referred to as Sobolev spline kernels [11] since they are known to be reproducing kernels of Sobolev
spaces H'+1(R?) whenever v+ 1 > 2. The C?¥ Matérn kernel can be expanded in the form of (1.4) with
covt1 7 0 and copr1 =0 for 0 < k <wv—1 (see [17]). In [1, Ch. 6, Sect. 1.6] the authors discuss alternate
reproducing kernels for the Sobolev space H*1(R) corresponding to a different Hilbert space norm. We
list some Matérn kernels and Sobolev kernels from [1] as examples in Table 1.

Since we consider the kernel with a shape parameter in the form of (1.3), we highlight the dependence
of the interpolant in (1.1) on € as

n

s(@,e) =Y N(Ooe(lle —z;l), (1.5)

Jj=1



pr)=e"=1—r4+4ir2 - 1p3 ... C° Matérn (d = 1)

2 6
pr)=(1+re " =1-3r24+ 58— Lrit ... C? Matérn (d = 1)
¢(r) =@ +3r+r7)e " =3 — 312+ grt — 5’ + g0+ C* Matérn (d = 1)
6(r) = Le"sin (r+5) = 5 — 32+ §r¥ — et 4o kernel of H2(R) [1, 7 = /2]
¢(r) = Lte™" + te % sin (TBT + %) =3 — 5+ 5t —55r° 4+ -+ kernel of H3(R) [1, 7 = 1]

Table 1: Matérn functions and kernels of Sobolev spaces for different orders of smoothness.

where the corresponding matrix and coeflicients are
Ale) = [pe(llz: — z5[D]7 =1 and  A(e) = Ale) ' f (1.6)

We use m,,(R%), m € N to denote the set of polynomials in d variables of degree less than or equal to
m and N,, 4 to denote the dimension of 7, (R%). We say a set of distinct points {y;:i=12,...,N} C
R? is unisolvent with respect to ,,(R?) if for any choice of N,, 4 linearly independent basis functions
{pr:1=1,2,..., Ny.q} from 7, (R?), there is a unique linear combination Zﬁ"{d Bip; interpolating any
given data over the set of points. We next present the main result of this paper.

Theorem 1 If ¢ € FS(v) and X contains a unisolvent set with respect to ma,(R?), then the limit of the
interpolant s(x,€) as ¢ = 0 has the form of a polyharmonic spline interpolant. Specifically,

€E—>

n Ny.4
lim s(@, c) = Zlajnw — a2 Z Bipi(x),
Jj= =

where {p; : 1 = 1,..., N4} denotes a basis of m,(R?). Moreover, the coefficients can be determined by
solving the following linear system:
G P «a f
(¢ 5)(5)=(7) a
where G = [||z; — :nj|\2”+1];fj:1, P= [pl(xj)]jl]l“ld and f is as in (1.2).

The main task in this paper is to prove the above theorem. The technique used in our proofs is similar
to the method given in [8, 9]. More specifically, we will expand the interpolant s(x, €) in terms of powers
of € and establish the limit of s(x, €) exists by showing that the coefficients of negative powers of ¢ in the
expansion are all zeros. Note that all the coefficients turn out to be polynomial functions of | — x;]|.
We divide the coefficients into two types: lower order polynomials of || — x;|| with degree no more than
2v and higher order polynomials of ||z — x;|| containing the term |z — x;||?*T!. Correspondingly, we
arrange the proof in two steps. We first show that the coefficients in the form of lower order polynomials of
||z — ;|| with degree no more than 2v are zeros by using the assumptions ¢ € F'S(v) and the unisolvency
of X. In order to prove that the coefficients in the form of higher order polynomials of || —;| containing
the term ||z — x;[|?* ! are zero we first obtain some moment conditions for these coefficients, and then
use them together with the conditional positive definiteness of || - [|?T! to obtain the desired result.



This paper is organized into 5 sections. In next section we expand s(x, €) in terms of powers of ¢ and
show that the expansion coefficients are lower order polynomials of ||z — ;|| with degree no more than
2v which are zero. In Section 3, we present the moment conditions obtained from setting the coefficients
in the form of lower order polynomials to be zero. We finally give a complete proof of Theorem 1 in
Section 4 by showing that the coefficients in the form of higher order polynomials of || —x;|| are also zero
based on the moment conditions obtained in Section 3. The result concerning interpolation with Matérn
kernels will be presented as an immediate corollary there. Some numerical experiments to illustrate our
result are shown in Section 5.

2 Power series expansion of the interpolant s(x,¢)

In this section, we will rewrite the interpolant s(x,¢€) in terms of powers of ¢ and first show that the
expansion coeflicients are given in the form of polynomials of || — x;||. We then establish that those
coefficients with degree no more than 2v are zero. To this end, we first introduce some notation used
throughout this paper. We define Ny := {0,1,2,...} and for any j := (j1,j2,---,ja) € N we let

d

3= i, and jl:=jilj! - jal.
=1

For any b := (b1, ba,...,bg) € R?, let
b =00 b G eNG and b' = (08,0Y,...,0Y), t € No.
For any = € X, we define
g(@) = (& — il [l — 22, & — 2. |)".
We next give a specific form of s(a, €) in terms of the powers of e. Suppose ¢ € FS(v)and write ¢, in

terms of powers of €
o0

¢e(r) = @(er) = Z cpefrk.

k=0

Formally, the coefficients A(e) in (1.6) can be obtained by Cramer’s rule. It follows that they must be
rational functions of e since the entries of A(e) can be written as power series of e. More specifically, there
exists a positive integer 7 such that for each 1 < j <n

Aj(e)=¢T Z aj.et, (2.1)
=0

for some sequence of numbers (a;0,a;,1,...). We can assume 7 > 2v + 1 without loss of generality (oth-
erwise we can make 7 large enough by taking the coefficients a; ¢ = 0 for some missing j’s). Substituting
these two above equalities into (1.5), we obtain an expansion of s(x,€) in terms of powers of e:

s(x,€e) = Z oi(x)e ™
t=0

where

t
o(x) = Z cral 1g"(x), ap=(a1k ... ank)T, k€ No. (2.2)
k=0



To show the limit of s(x,€) exists, we need to show that ¢,(x) = 0 for all 0 < ¢ < 7 — 1, i.e., the
expansion contains no negative powers of €. Since s(-, €) interpolates f at X for any e > 0, ¢; interpolates
0 at X for any ¢t # 7 and ¢, interpolates f at X. The next result shows that ;(x) = 0 for any 0 < ¢ < 2v
if X contains a unisolvent set with respect to 2, (R%).

Lemma 2 If ¢ € FS(v) and X contains a unisolvent set with respect to w2, (R?), then
pi(x)=0 for 0 <t < 20.

Proof: Since ¢ € FS(v), cop+1 =0 for 0 < k < v — 1. It follows from (2.2) that for 0 <t <2v < 7, @4 is
a radial polynomial and belongs to ma, (R?). If X contains a unisolvent set with respect to w2, (R), then
() =0 for any 0 < ¢t < 2v since ¢, interpolates 0 at X for any 0 < ¢ < 2uv. O

We will show ¢; =0 for 2v+1 <t <7 —1 in the next two sections.

3 Discrete moment conditions

To show ¢, = 0 for 2v+1 <t < 7 — 1, we need to use certain discrete moment conditions of a; and
the conditional positive definiteness of the function x + ||z||?*T!. We present in this section the discrete
moment conditions of a obtained from p;(x) =0, 0 < ¢t < 2v. To this end, we first review the definition
of discrete moment conditions. Let I;, where ¢ € Ny, be the lexicographically ordered sequence of all
multi-indices k € N& such that |k| = ¢ and I<; be the ordered sequence of all multi-indices k € N¢ such
that |k| < t. The discrete moment of b € R™ with respect to X is defined as

pe(b) = (ue(d) : ke I,)"  for t € Ny, (3.1)

where .
pr(b) == bja¥, Kk eNj. (3.2)

j=1

The set of vectors satisfying discrete moment conditions of order m € N with respect to X is
MC,, :={beR": p,(b) =0 for any 0 <t < m}.
To be consistent with our notation, we let
MC,, :=R" form <0.

We will next present the discrete moment conditions of the coefficients ay in (2.2). To this end, we
define a general form of radial polynomials for ¢; when 0 < ¢ < 2v. For any ¢t € Ny and {bg, b1,...,b;} C
R"™, let

L)
pi(x, by, ..., by) := Z corbl 5.9 (x), (3.3)
k=0
where ¢, := ¢(kk)!(0) .k € Ng. We can immediately observe that pi(x,ao,...,a:) = ¢i(x) for 0 < ¢ < 2uv.

We define a few more quantities that we need in our proof. For any a, 3 € N¢ and |a + 3| = 2m with
m € Ny, let
m! (a4 B)!

a_w)' e (3.4)
),

B(a,8) = @m(_nal(



For any k,l € Ny, let

Ek,l = [B(a’ﬁ)]aefzk,ﬁefzz and kal = [B(a’ﬁ)]aefzwrl,ﬁefzwl : (35)

We define two matrices for any m € Ny

Em = [EkJ]Zl:o and Wm = [Wk;l];:lZO . (36)

It was proved in [9] that both E,, and W,, are nonsingular for any m € Ny if the Fourier transform ¢E of
the RBF ¢ is nonnegative on R? and positive at least on an open set of R¢.

We have the following result on the discrete moment conditions of the coefficients of radial polynomials
p: that are zero functions.

Lemma 3 Suppose N € Ny and {bg,b1,...,bx} CR™. If ps(x,by,...,b;) =0 for any 0 <t < N, then

N +1
bop € MO\ np2 o), baky1 € MO nva gy, for 0 <k < {T—i_J : (3.7)

Proof: We need to use the fact that both E,, and W,, are nonsingular for any m € Ny (see [9]).
We will prove the desired result by induction. We first show the result holds for N = 0. In this case
we only need to show that by € MCy. Tt follows from po(x,by) = 0 and (3.3) that

cobd1 =0, where1:=(1,...,1)7.

Since ¢g = Ep, it follows from the non-singularity of Eq that c¢g # 0. We have bOTl =0, ie., by € MC.
Suppose the desired result holds for N = 4/ for some ¢ € Ny. We prove that it also holds for
N =40+ 1,40+ 2,40 + 3,40 4+ 4. We begin with the discussion of N = 4¢ 4 1, i.e., we will show that

bak € MCop1-2k,  bakt1 € MCopp1-2k, 0<k <L
Since (3.7) holds for N = 4¢ by assumption, we have that
bop € MCopy1-2k, bapy1 € MCop2p, 0<k <Y,

and we only need to show
Poo—ok(bart1) =0, 0<k <L (3.8)

We will prove this by using the fact that the coefficients of all powers of  in p; are zeros if p, = 0. For
any 0 < [ < ¢ and « € Iy, let plga be the coefficient of ® in pasior1(x, b, ..., bapioi11). A direct
calculation from (3.3) yields that

£+l

El (a4 B)!

T

plma:ZC2kb2€+2l+l—2k Z (—1)|a‘ 1B 'Tﬁ'(m?w"uwg)T'
k=l Belzk—21 ( 2 ) o~

This combined with the definition of ug(a) in (3.2) and the definition of B(a, 3) in (3.4) yields that

0+l
Plae = Z Z B) g (baesair1—2k).
k=l BEl2k—2

Let k := k + [ in the right-hand side of the above equality. Then we have

Plae = Z Z B)us(baet1-2k).

k=0 B€clz



Let plyz := (plae : @ € Iyy)". It follows from the above equality, the definition of Ej; in (3.5) and the

definition of u,(b) in (3.1) that
¢

Ploz =Y Epktton(Barr1-2n).
k=0

If pi(x, bo, ..., b;) = 0 for any € R? and 0 <t < 40+ 1, then p[,= =0 for all 0 < I < ¢. That is,
Ev- (ptop(baey1or) 1 k=0,....0)" =0.
Since Ey is nonsingular, we have that
Wop(bory1—ok) =0, 0< k<Y,

which implies (3.8).
We next show that the desired result holds with N = 4¢ 4 2. One can easily see that it is enough to
show

Baer1—ok(bor) =0, 0<k <L (3.9)
Similar to the proof for the case N = 4¢ 4 1, we can obtain the following linear system by setting the
coefficients of % in popyorro(x, by, ..., bapyorre) for any 0 <1 < ¢ and a € I941 to zero

Wo - (pojqq (b2e—2k) : k=0,... ,K)T = 0.

Then (3.9) follows from the non-singularity of W,.
We proceed with the proof for N = 4¢ 4 3. That is, we need to show

Pory1—ok(b2es1) =0, 0<k </ (3.10)

We obtain the following linear system by setting the coefficients of ® in pogyoi+3(x, b, . . ., bapyoit3) for
any 0 <! </ and « € 1941 to zero

We - (”2k+1(b22+172k) :k=0,... ,K)T —0.

Then (3.10) follows from the non-singularity of W,.
It remains to prove the desired result holds for NV = 4¢ 4+ 4. We need to show that

Popio_op(bae) =0, 0<k<{+1 (3.11)

Setting the coefficients of € in pagiarr2(x, by, ..., barya42) for any 0 <1< 41 and a € Iy to zero,
we have that
T
Erg1 - (o (bogso—ok) : k=0,...,04+1)" =0.

Then (3.11) follows from the non-singularity of E;;.

]
We are now ready to present the discrete moment conditions for the coefficients ay, in (2.2).
Lemma 4 If ¢ € FS(v) and X contains a unisolvent set with respect to m2,(R?), then
azy € MCyy1-2k, @Q2p41 € MCynp, 0< k< EJ )
Proof: One can immediately observe that if ¢ € F.S(v), then
oi(x) = pi(x,ao,...,a;), 0<t<20.
It follows from Lemma 2 that
pi(x,ap,...,a;) =0, 0<t<20.
The desired result follows from this combined with Lemma 3. o



4 The limit of the interpolant: a proof of Theorem 1

To prove Theorem 1, we need to show ¢; = 0 for 0 <t < 7 — 1. We already proved in Lemma 1 that
wr = 0 for 0 < ¢t < 2v. It suffices to show that 7 = 2v + 1. For this purpose, we first review the
definition of conditional positive definiteness that will be used in the proof. We call a continuous function
Y : R4 = R conditionally positive definite of order m if for all N € N, every finite set of pairwise distinct
centers Y := {y,,...,yy} C R% and every o € RV\{0} satisfying

N
> aip(y;) =0, pEmm1(RY),
i=1

the quadratic form
N
Z i P(y; — Y, )
i,j=1
is positive. Moreover, if ¥ is conditionally positive definite of order m and X is unisolvent with respect
to m,_1(R?), then we have a unique interpolant to a function f at X in the following form

m—1,d

N N
Sap-y)+ Y. Bm()
j=1 1=1
with the additional conditions
N
> aip(y;) =0, 1<1< Npo1a,
j=1

where {p; : 1 <1< N,,_1,4} is a basis of m,,—1 4. That is, the following system

(5 2)(3)-(%)

where Ayy = [(y; — y;)1N—1, P = [pu(yy)] 00 and fly = (f(y;) 5 = 1,...,N)7, is uniquely

solvable.
The next result gives an explicit form of ya,41 ().

Lemma 5 If ¢ € FS(v) and X contains a unisolvent set with respect to m2,(R?), then

2041 (@) = coag g* " () + q(),

for some q(x) € m,(RY).

Proof: Since ¢ € FIS(v), cop+1 =0 for 0 < k < v — 1. It follows from (2.2) that

v
P2o41(T) = CanngUH(w) + Z CQka§v+172kg2k($)'
k=1

Let q(z) := >, _; coxal, . i 5,9°* (). It remains to prove q(z) € m,(R?). That is, we need to show that

the coefficient of ® in ¢(x) is 0 if |a| > v + 1. It follows from a direct calculation that for any c, the
coefficient of * in ¢(x) is

Y k! !
doe = Y enalin 3 (—1>'°"(#)!%@?,...,wﬁ)?

k:L%J Bk |




This combined with the definition of ug(a) in (3.2) and the definition of B(a, 3) in (3.4) yields that

qlae = Z Y Ble.Buplazsion).

=|lgl| BELK |l
It suffices to show that

Kok o) (@20+1-2k) = 0, for {%J <k<wvand|a|>v+1.

We will use the discrete moment conditions of the coefficients ay. It follows from Lemma 4 that for any
PO“J <k<wvand|a|>v+1

a2 1-2k € MCopyy C MCop_ |41,
which implies oy, |o|(@20+1-2) = 0. O

We are now ready to present the proof of Theorem 1 on the limit of s(x,€) as € — 0.

Proof of Theorem 1: To show the existence of the limit of s(x,¢) as e — 0, it suffices to prove that
we can take 7 = 2v + 1. Then it follows from Lemma 1 that ¢, = 0 for 0 < ¢ < 7 — 1 which implies the
limit of s(x, €) as e — 0 exists.

Recall that ¢, interpolates 0 at X if t # 7. If 7 > 2v 4 1, then @9,41 also interpolates 0 at X.
Since X contains a unisolvent set with respect to ma,(R?), it follows from Lemma 5 and the fact that
x + |||/’ is conditionally positive definite of order v + 1 ([10, 18]) that @2,+1(x) = 0. Moreover,

CLQ:O.

This implies that the term ™7 is not present in the expansion (2.1) of A(¢), i.e., we can let 7 := 7—1 and
repeat the same process to conclude that there is no term of the form e=* in A(e) whenever k > 2v + 1.
Consequently, we can take 7 = 2v + 1 and the limit of s(ax, €) is @a,+1(x) as € — 0. The desired result
follows from Lemma 5 and the conditional positive definiteness of pgy41. O

The result for interpolation with Matérn kernels follows immediately.

Corollary 6 If ¢ is the C?Y Matérn kernel, then ¢ € FS(v). Moreover, if X contains a unisolvent set
with respect to Ta,(R?), then

l1ms (z,€) Zajﬂcc—w |20t + Z Bipi(z

where the coefficients o, B are uniquely determined by solving the linear system (1.7).

Proof: It was pointed out in [17] that the C?¥ Matérn kernel can be expanded in the form of (1.4) with
c2u41 # 0 and copp1 = 0 for 0 < k < wv—1. That is, the C?" Matérn kernel belongs to F'S(v). The second
result follows immediately from Theorem 1. ]

5 Numerical Experiments

In this section we present three numerical examples to illustrate the convergence behavior of interpolation
with C° and C? Matérn kernels as well as a Sobolev kernel for H?(R) from [1] (see Table 1). For each
example, we interpolate the values (0,0.8,1.5,0.9,1.1,1.4) at (0,0.5,1.5,3.5,4,5).



In the first example, we consider interpolation with the C° Matérn kernel ¢.(z) = e~* and the shape
parameter € takes the values 2, 1, and 0.1. The interpolants are shown in Figure 1.

In the second example, we consider interpolation with the C? Matérn kernel ¢.(x) = (1 + ex)e™*
with values of the shape parameter € ranging from 2, 1, to 0.1. The interpolants are shown in Figure 2.

For the third example we consider interpolation with the H? Sobolev kernel ¢, (z) = @e_“ sin (e:v + %)
with values of the shape parameter e ranging from 2, 1, to 0.1. The interpolants are shown in Figure 3.

1.6

1.4r

1.2

0.8

0.6

- =1
¢ £=0.1
— piecewise linear

0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

0.2

Figure 1: Convergence of C° Matérn interpolant to piecewise linear spline.

From all three examples presented here we can see that the interpolants with both types of finitely
smooth kernels converge to the polyharmonic interpolants as the shape parameter ¢ goes to 0.
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