


CLE) Y=£(= )

(0,£()



(o,
. sl

S C00)— fcno

b—a

(0,5@) ~—

g =




linve sini
co,K&D) R (B, 5)
s slqge.

Jcelob) ct FCO= —Fib);fﬂv 4 Jegivativea

Mean \Value Theesew JA cosT q TVT



linve &ini

o, HM) R (B,SH) 5

. slrpe.




Polle’s Theotem  lof $:0op)— R be oiinusus Bk

ovd dlﬁ@!.@ul’ha)ole sn (0,b).
3.15 (D =4(p) Than Fcedlan S'T <=0

hte £'CO=% cm—-yao O ‘ Stamg 0o

’EE.G%_ < A c,va Swn QO U‘Mpad' &J; SC {oﬂmm thmz@uAm

fi.% mod X miv  €ZCUn N a o b tTham S A Q cmbfaul'ﬁuucnm
oud </coO=0 HcelW

I Wax X MiN  OTCUA on C € (A, tten by TET «U)=H.



Mean Volue Thestom 9_§ £-Tak]=R is coillnusus s (o L]

aud dinerenlioble v (ah), than ZJcela,b) T
SO = < (o) — £ (D

e
b—C

’?2@ (Tdea: Zedwe Ts BotlesThm)

The eq}mi“\sn Ga. 'ﬂ?e One TEXo‘uﬂln [O,‘E[Q))aud (b b)) 74\
. Y = (—@(t?)—‘;f(q)) (x-a) + f(a)
(omgndes The 4d (e bdwown s Lve and Y=4C0:

d= €060 — [ EB—=(D) (7D +—§(q)]
b—A By Algeh

4 _i/) N TIVMMSUD 6N Ea,laj £ C'A'@e%en’ﬁbble en (0o, b) [ﬁlﬂifm




Mean Volue Thestom 9_§ £-Tak]=R is coillnusus s (o L]

aud dinerenlioble v (ah), than ZJcela,b) T
SO = < (o) — (0

oM7) 1
?R@ (Tdea: Zedue T BoblesThm)

b—C
Y= BERS@) (o) + oD

(ovpdern The i (e bXweun AW Live and J==C0"

d= €060 — [ EB—=(D) (7D +—§(q)]
b—A By Algeh

d in o;nTirwsud on (a,b] & C'A'ﬁe%en'ﬁbble e (0, b) [%-@Eifam

ond d(a)=0=d(b)

By Exde’s Tim aprlied Tt d, S celob) <t dO=D

d/(c) = F'(c)— £Lb)- £ e, IC sT <ltc) = €L~
b— O b— &




% :
oL 9_% %1—&1-)2 in di Tla.ble on on idewval T

owd  g'(H=0 MxeLl .

tin QlA=R ¥ OWE ot &

e sod Ts Sksw gin)= JG=D.

=G S ;>{z) é_I <1 9 (() — QC?&.)"—QCZ,)



Conr 9% 9 cT—=R in Tiable on ou el T
qO=R o1 some cndlat &

.M'_ Led X, JYZ.EI csih X<, Loe sould T Shswo Q@G)—T 3(‘72.)

Gt 9 € awd q are Jigerwilioble quncliswr on o idawal T
owd Cotiagy <')=9'0O ¥xeT, ton £E@=4(n)+R

5 o 193 ceme cmsld &.
&%_ In CULSITON ex.



Reawdd, S NALAGINg MEAUA  § <A (L) it ouy X< 2z .

A Ll $:I—>(R be &iﬁmeuTralo\e an The wdawval) T
(NS n lneagug S ') =0 YxeT
() £ s dereasiug & S '‘M<p #¥xel

OV\'Cl >x—C. q-bﬂ Olﬂti )f’,Cél
' _ (<o
are ellher  psth nony o8 bsth  nen prsd"ue'l :

o4 oy x#FC, '9(_7%}‘%@; O Yrcel
Ttence 'ff(c-j g -elWl x) =5 = O oA neaded

X3¢ >—C.




Recald, 5 incaeagiong meaus < G)<HE) Jf oy X< 2 -

A ler $:I—>R be diﬁmeuTralo\e an Tz wdawval T
(NS wn nteagug = ') =0 YxeT
() £ s dereasiuy & ‘MM<p #xel

Bﬂga Assume <'(o=0 YxeT
ﬁ\ CQEH DC] 7IZ. QI (_Si‘n/\ -:(‘<xz 7

Py MUT 3 cela, ) T st £C0=£02=E0

| X, —X
m ]A; 4(79 "ff[}]) -~ —Q/(CD Cjz_—zi) : ,
20 snte X =X
ond <€7cc). =D

le, £() Z€(T)



Generalzed JMean Yalire Therom
I £ and q oxe coninusus sn [o/bl avd dW.W(O,b)

ton Icedo,h) st [soo-5@] g = (qlk)-9@[L )

U Q’ A veves zZes on (0,b) ten we com fouy

___E__I_(..(.}- — S(v)-£/(a)
() 9 (p)— gla) =

B foply PWT Fe hoo= B m—@lge0
— (-9 £ )



Thestamn LU HespiTod ¢ot % @i |

(

Let' T ke an open dernl coldiniug o2 @
Suppose ¥ oud J Qe drﬁmﬁ’l“ab\a sn L ;ef@v'l_@“iyﬂ Q.

dy Sla)=g(a)=0, ond QD#0 ¥x#a,
thon - Mm@ _ ) = lim £

X-=>a gl(xn —-a () 2
By CHm 1o ¢iud o &
- Apdy 60VT F& €oud g i (e,q (& (zd)
-+ Verjty Te dopndion g




D%IWT"SW [J?Awn £(n) = OD]

Givon £ :T—=>R owd a bwl psid ¢ § L,
e goxg It = o0 L Hy>p IO ST
n< ecled = SE=T71 .

gl‘W"'LOKl\j) Q’ﬁﬂqm ﬂJ‘VI/' "G(f)= 0



Dgé:l'wﬁé'w [J?Awn £(x) = OD]

Givan €:T—=R awd d Liwwid pmu’l‘csai
e fouy G = 0 L H$M>p FL>O =T
n< lecled = SE=J11 .

Theskomn LHb-s ITO_Q ‘IS0

<uppere £ oud 9 ore d;ﬁe\m‘l‘ab)e an (0,b)
ouwd 9’00 #0 ¥xe (a,b).
ﬂ,\, -QJlm q () =0 (01 —0) , Lhan

le /(Z) e D <7y
e gl = e 402 e




Math 400

Read Aralsus
Video # 30



(De ol undex<Toud Convergence &)
— seqpence . Q Tuucﬂ'rm

— celie Q) tumd'iw}.\
ovd  build tenomda \Sugf(;{tgfu.g Taxd(a& /\Mc:(ouﬁw
Sexied  OAPONKIGNA A .tumcﬁ“ iNA.

‘:?
gl'l/D( — 2"-"'_2_3...—6-15_-.-—-—2:—‘? e



LeX X - A—R be O .;E—Uhc,h@/l db( each Ne

D__@é_, Tl seqoucs. ) & d-umd’[im/.\

V)
CW%& pju]' wie sn A Ts o <tul/lci'z'&7/\ Ay
i 407 ol xeh, e feqpewe G Nuwmbeis
€4 (x) GBvvergos o €£(x) earn>o

(e wnile  pim S0 =F$E) o S,—>F

N—>-0
E"xaweles ;s
@ -—fh ) = C)£2+n1)/n on IR oo
' = X A%+ — bwm [2€ +2)= X /
%%VTD fh b V%—VSO g T neeo » — /

‘\EW

c. S —F piudisise  dbhare £()=X



I S i conlinusus ¢ cach n; Tum B £ (e €+
oy  confimwus ¢

LJ’fM—bf Nuse eadr € 15 cowd v WsWA

T glso: S In conlinusus  «€ kave T £SO
l£H-S @ <€
Lhon ||

$C0— £C0) = |§ () — 1, GO+ £ —F,L0 +£,(0) ={(0)|
< (f—h@r) —-f@f)l + € (D— €L C)[ + [€e (O —f( C)}

l——’——————J | P Yo SO e
<% = Ve < €4



I S i conlinusus ¢ cach n; Tum B £ (e €+
oy  confimwus ¢

LJ’fM'—bf Nuse eadr € 15 cowd v WsWA

T guso: S In confinusus o€ ko Ts £lLsO
|s$(H-S@|<E€
Llon (7|

S$C0— £CO) = 5 ) — £, G0+ $,0 —F,L0 +4,(O ={(. 3)
< (f—&(—,r) —-f@ol + €D~ £ ( C)[ + [€e(©) —f( C)}
l__————————" — L. ——)
<ol <& <64 Sua 553
% R=PRy



I S i conlinusus ¢ cach n; Tum B £ (e €+
oy canfimwws ¢

T $,—>% dlare eon €, 15 candiuusus

To gluwo: 5 I calinusuA &€ ko Ts £lLsO
|sH-S €| <E
Llon (7|

|S$CO— £CQ) = £ 0O)— 1,0+ £, 010 —%,00 +£,(0 ~{( c)[

< M‘l‘ e (D~ fg(()[ t (O "‘f/C)}
- L-”_____\—’
<& =~ 9-'(‘:% con ausu <¢/3 s 3g>3

70 = ho o F R=Ry

Same b, m
Mfwmlawi




Exrowples
(D Lt q,0=2" on [0 1],

e kusw X —0 (,L_ XE [0,1) £ >x"=41 L{ x=1

S ~Fy oex<
5 caw—ég pdufuﬁﬁe duane %[x):%i L‘}-J(?:iz |

Faun Qn in COATIMUISLA bud 8 A ust



Exrowples
(D Lt q,0=2" on [0 1],

e ks X —>0 (,L_ xs [0,1) & xV'—=4 L{ xX=4
O < |

5 Qw—ég poﬁui‘u)‘flse Jharne %[x):gz ;?-I:.’L
Fawn Qv in COATIMUISLA Ll 8 A u.se



€-Ndg wlisn S| oiudoine. cmye DN & <

5> meow fx, Ye7o T

| fu)—F ) |< € YnzM\.
e saud N P wotk &7 ol = s%wulhmesu«fg-

Dovinilion 5,1 A—>[R ke a seqpouce ¢uucfims
(-féu) - U som A\ & £ d.a_tfuads'MA

LL' desp IN ST (€,60 —£Eol< €, o ald nzkicogdA




€-Ndg wlisn S| oiudoine. cmye Ve )/ e <

£ =3 means me,-b‘670 JIN CPWU cf_epﬁAdMW x) EL
|6, 60—F =) |< € Y=

e saud N P wotk &7 ol = s»iwulhmemv&fg-

2
Examples © Q=7 i<

Fi ) 1% % aA u—=2>-0 , 5% 00O =0 & The
& any d‘ud xelk, Q,0—>0O pma:ume TOVA

Onigosm 2 (9,00~ 3= |vrem — 0 = ik ]57'1_ HYre R

n(1+1®

Given e>0, F N>K% ot 1Q&)-9D|<€ Jor n ZN
_







A
SN

‘

1

ueua@)

SN

=$ 4 lulg

SV

. d.Qd’l A Al ""{m

(‘fm) 99—%

OM
H
n
6
}
fm(
(T
l “
-~ L

g
g

6
l

| (aad/u.j
) A
(.,

| o gon
e
Cau dluj
[%: U?Mﬂ

i
( g nu
SeéUkQM

&

emcl

CEWN u%ca



Covttinuous Ui

Lot &) cswverge ungstudy on i Ts 5

8"{' caon £, in coflimsus o ceAl Thon < ia c,mmzlﬂ_c

,PA% Fix cepr £ ¥ €>0. | -

?SWH' Chovse DN T [—ERC:D—-'E(D{ < % Ye=N & X€

B o | [ G-sedl < o ¥xe (e
[rd<S

By € C_m)["fmuM) = & >0 <T. (‘ENCﬂ“'f;\)(C)k 6/3 i

- ]vﬂ[x)—{:( )] = [-c)— 55 (D 55, (0—3y O+ (O—0)|
< | €6D—$p O]+ [y OD—EG) + Rn(~£0]
e e G o 8







€y —> o= lx]  psidwise

Algs  claecke (1) (€n) UMM ccsmveag&fb'f

Ea dh £, in cabﬁe\.aATmble sk (), ’
bt € in nsfdiﬁmﬁhbb A O .






Diger pvitialpibiTy Limil” Thestom .
ond agscume £, eugla

Lel £,— <% poiukusine en Co,b],




Diperavitiahibly Limit Thestom ( STASIGEN) ;
IS y - g
Lel [£,— < powkmine—enlo,b], ond AKumMe {Q»;Zﬁg

Q;t (€u) CONVERQLA um&eﬁuﬂ%m Cab] &= G
than £ 16 &J&QLW\TI&B& and {/:(3 _

)ms camn be f\éf’laﬁﬂ/d b‘j a reakes ‘E%WM:
‘}XDE_, [-0161 £ ’gu\(’»(ch \A mveu.%th

=

e

Seq jremwe
= Nuwlses






PIQOSQ fevieLy  Sexiex (% HUMALQQ/\S”.

De%m led” ($.) bea sequavc %{umcﬁw sn A< R
let Spt= §0+5@D+--t5@ be seq, § posilioh sums

WO The enes Z_—l_fn (x) cm% @'w:l‘wise B t:A—>R
L .00 uwveges psdisne Is €60

Tﬁe SeCA Z‘f'u.&) m&%@ gmig\‘ wnlg1 mﬂ T 'ﬁ: A= R

| S onvernger unstuly on A v €60,



E\/ejaﬂ}unﬂ we. vadl I undexlowd absudt

Z§ ) = £&) Reducsd Iz vuwdexclowd hswo
’0110. seqpeva. 6. potial Sams (S, () behaver uuder
Tee mode & onvergence. @Eiloke of unifeim) -

01591‘ €. A2 R be tonlinusua Hn.
Rssume S §, Lonvergel uuﬁ{a\mbi wvwA Is atumdimf.

Thew, € in coniwsws en .




E;fc’)gﬂ/viﬂﬂ we. val & unexlowd alsudt

> 5,00 =56) Seduast T wudacland oo
e segpora. 6 potial sams (S () behaver under
Tee mode & onvergence. @Eiloke of Unifeim) -

By (oMU usuA Lwilt Tum.,, € v esufivusus fne S (D)
sy oA



Wem L-g _fh :I_B’R be-czl%-wea@l/\ff&}o\e s i) T Y .
Accume. NZ_“E:, (0 CX‘MVQQ%& L&W“‘Jﬁ ;Q'B- ﬂCx} on T .
0 %fuw Conuergon uw‘tnw.ﬂ-j T L& anL

oud L0 A Qliﬁmm’ﬁwo\e ST €7 =a() onT.
€, =460  ond £(0= >0 (0

n=)

WK/@'QL q(-B‘USwf ke (ﬂ ddéw DtﬁQ\QMTLMDle
LimiT Thessom (ﬂxmc}a) app ied & Se.(xD .



Thesom [ Couday CRiTevan x5 Jnj} - Gonvengonce € Sevies |
Cexnier ifu &b CGM\/@\A%M uuwubi on AL (R

& Yeso,F N st g @+ -AKAD|<E Fn>mZN
omd X£A.




& Yeso,F N st g @+ -AKAD|<E Fn>mZN

Cep [ Weiaaglrhoggs M-Ted |
TEL AsR and MR T (600l< M Hxeh.

Y > My overger Tien S convesges, unigoridy onA.

PX_@Q] [FLin daIth] .

S = ppdiakum §Py) = Z€6@D = ZK€u)
£ Ta conergpd .S, Caudaﬂ i Camghyg Converpes Uiy




Eoo e = b sn [
Exompl@ o < () e

Oal 10 behravicd %L iff... €) 7




Eorame le = i & sn [R
e Lei_ {M(I) X%+ 3¢ N + h2+7

Oal 10 behravicd %L i—f., €) 7

|
£, 0| = l =
e )\ X%+ 3x%0n tN t7 A
et M = —J"n_z_ Then hZ__”J“"m-*ZM:;m

b3 weijrlAQSS M"TM; Z‘gmﬁ’) Cmvauag_o, u%‘l_mm]_?



Powes Sedied i a gudion § Te gom S,

n=>0_0

for WSluon valuet ) X dsca a pooe seties (smuenge ”




P/?_G.%‘ SU‘PPD:SG fﬂ,,.?(an oW , Thenn The —3
secbugy\@_ 5} fe,gm Cawzb") C.WIM% Iz O

50, (QuD(“) iA  boundad .
Tlot s, JIM>O st lolw)(ahléﬁ ¥n

I XeR Sai‘tbqtf"es | <[], Thau

[Oluﬂml"‘IQM I’XJ émm

Nvte ZM)"‘] A a oeomeluc Aemer o %= ]—;bl<i&cma3a

5‘4 cesier (SMpoU AN ‘t‘a«@ 2 (g X1 (SN\VRhOES .



> x2£ (1%l )  on Weaad 5 vaduor Slee o2 convesges

So, (swvwergemu 3 >a,2" mu szcun on an iudervrl

e, 50%,R, &8 CR,R) o5 LRR) Y (RE]s [(R.E]
Lcl)l; Oj L"l 17\92 60)
Z=0



Thesam [[Onyotm (onvergonce ) Pacey Senias |

% ZOm'x“ converes abestidely ot % e R
m >0,1"  couverges qumw.-j sn [-C c]







Ke C@U, e Rnoio
M % poLroeh Senes famf’ S

=0

o gome poivll Xosg B ttoy it CENVerp A

obsotudely gt every x& (Pl 1 o
CﬁV\veaach
[hm Qk_ poroes Seues ZAuX"  convergea

M@Ld@—a poivd x, , TWan Jt

E/'?/D {J F”Dlj




Are powes sesies digondliable” I Tewby-lown o
<1 TiaXisy

Jer, bul pregps ol ke tedisusr unless
e develsp  sswme  mote Theoug.

and the cuccesive dexlvalives ose dbelained by
tewm—bytem digeantialion § e peoviows rexies .



Dol absud “,’L'Je?&ab%l}j . =
(— Auxiderivative

0
i 4
“Theston Suppese S(0= Z_ X" (suverges S CRB)

Tlon  F)= et @™ in deyined o0 ERR

o ntl
avd F'oND = $(0) (Twad 8, we con N['y
Tex m—bg—TeAm anid l&' euwlialiny

" TuT 'ov "\




De v UL 7@\0_ |%9Ui6ws Two tsﬁ'fb Ts

creoke  pewo pswey sedea _gtom kunon omes.
a0

e.q. we eoLo . oo =L i XEGCLL)
n=0 [~ RS LT

[cdoaval l%. cm,eﬁaze
. e S NG l—+3r—\->(7"+)’3+ ----- dﬁi X £ (_——J,D

D _\:J__g R RS AE S LT e T J& xe 1, 1)
2( wﬁg?
@D 2 - BTG T+ 98 5 - o WetLlI T



LDe ccon U 7@\0_ p(@l)isws Two tsﬁ’fb Ts
crecke  pews pswey cerieA w RusLon SWneA.

290
e'ﬂ' e ZnwoLd ;_c:)x"‘ —— T—-—_l_ {_m xX & (—), 1)
[eSeaV
l-e. .._(_:1—52 S L v 5 L B A AR dﬁi xQ; z%cwwﬁm

Then, we 92l
0 —-:Tl)'(")z_,— 1} 2% + 2P+ Giy®ab d-b'( Xé(-(,l)ﬂﬂgz

H\xz e s L R LR Jov xe &L, D

oselowm () = I—%E'* is_g'—_’fj-[- e ol ?



O
(Dik— e knosto S(==anx”  Then Slod ake ay, ?
' Se v o :
hegom e 00 = oyt AXTOX + oo
pe dey sn an ewvold ERR) , Thaw

a, = £"(o) ¢ deustes T&.QJ
[Emg@iuﬁue 9 -

Toulr seuel

- e Y ﬂg
(2) Deer To Pow23 sevey gooﬂv 0 Ow_—i'!@ ¢

(nverg L T 00 on cowe idewad 7




LCI SN(x)za “f'a,l”l'.‘aaj —f....—I'Q”x W
%-Tglm’_(wea %;ﬁ
es Dees Oim S0 =5$0607

N-—=> D

Tad i, | By )= SO0 Gy6x) | Eanos gundlisn
—> 0 or N=c0 ¢

Can w€ give an Alesuwale /of.(e’d'/a{ d%&fp'ﬁm
g e  Expos qtuwd‘f;m By (O 7



Thestow CL DLONQE Eemaiuda),"mmi(

ek € be QLWHlee N+l imesr on R R).

() = -
'Deaiwz. Ay = {mgo) d n=0,l,4--,N , owd Lo

§N (1) = a,t Q,-l +OL12+ et "'"QD'-IN
Givon ~x+D in CBR), 3 c& (=, (=) such Thall
the FExsos gundlisu By (0= £E0" S0 Dfigyen

o
En (= —§( H()c) V!
(D |

Afﬁﬂ/lj &) Tlup m@(@&_éel/rﬁe, use (7% Ck’ckélz FnA)—= 0

QA N.—;G’Q




B Nofe it £T0)= S gos o< =N

ST, E‘S)[O):: D d_b"x OM nN= ofl.r?‘/'”-’N
Apply  GPWT o e gundlions Eyir) owd M
iu [o xJ

5]7/ a' X E.(O(-)() S'T*: E:I\J()D — E-I\;(zl) .
> Gdl IAO XN \
o Nocwo, opp}y GNWT I 5y () awd (DN en (0,7,]

o gol XL e(oy) T En& _ ﬁ!” e,
(V4D VON 7%

———

_-—-_._(%_H__’_ C(LQ-\.Q D(M-Hé C‘D)ai\l)é '”——E@;a
- . ey, = ),
(="~ D P ( E™ 6= m)







examp'€ Tay(es Ceniea 1 NUYED
' - = — @ _—

OD::- QM(03—='0 ). Oi — CD‘_’)(O)"J. > QL:PQ""(D.):O ) a_g— __...é—’—-—-g!

=2 | g
et At S L %
e geX '73:!. —1-51 :_;_X_’_ o
< '

Howo welk deer Sz 00 = X*§+§.} oppsstinale sl w 23
By Lagcouge, Ecl=ciutn—Ss(0= —GN(D L6 |y cOME

d : l & _{ 4-32 = E—-Izl,{zl)

E(o|= 1emlol |6 = — (2°) ._-__ggo.ogq

/
s ! T e




exawple  “Tayles Sevied vt siul(x)
q,=SUO=0 ; Oy = Gs()=2 5 Q= ~EulD= 0, A" — 9~
2) 3

= | a
e geX 3(-—-_3’—!-51 :_;r_i_?_f_..-.

How well des Sz 0= X—22+ L oppsctiuale St w €23
24 La‘%“j”‘?‘zz E ()= ciu(a)r S (0 = "'961/"( O 6 4,_,2 émim)
[Ec (9|= ’i";["l =¢| = —g—,—- (2°) = —L A 0.089
Dees <0 cm/\ueo.qﬁ— uggetilyy O SiAeD i E2 2] 7
|Ep (0 --l ;‘:Jog'c)xm: f "{J-BIRMI R

s

ol 2



B% (,a%(a\n.%Q, E (%)= h(mo c) 3(;‘” l {0t sswe CE e =241

g
Giuce \lq(mo(c)l - e =k ,uwe %ﬂi
£ N+
lﬁ\;(ﬁo)lé_ l_e_f- .?Eow)é;e R —> O as N—==°
e a—— , @"‘"])1 N E__Z, 4

N

,: e = l‘l’i—l-l_.—rl'z—l------ su X




B dses iT &q)u.aﬁ P
Lel hinN=e* oud X& E-'tZ, Bl 4t awg RZO

B (v
9 (,D-%(LIVL%Q, EH ()= h™ () D(:Hl $o1 SSWC c€ (0,7>)=LER]

. D s
fivce “ﬂ (O] = &“ éea)we%ei
lE;J(%)I < [__Cff_. - ) = e el
D ey O as N—>=o
i o - on [ &
o @ |+ ¥+ X2 3 ,
crtadlobe e 0 R

N\ NCA ‘.y::: e .
G e (oA £ 1 &0 X 4‘6‘7'—_&(:0\



ewen iL iTA W%Af"ﬂf@z d@wfidde
Itin ppwable 41 a .{uwd'l'm 5 nyt eqyol
LA Towlpd Seer . eveu g'l 1o Taulst ceries
A )y ifﬂcwue)i@w ll
Ezample  9(2)= i‘e T got x#0
. O i‘m xX=0
Nofe (a(sc) F0 Y=x#O0

( £ (O |
oo fat 00 <0 4n (MO

Thir meawr Lhe Toylen ferea oy ol
reyjiceandt eqpual X O ﬁe?&ff ix convergesd O

Bt X doer ust eq)unﬂ ﬂ(ar), el of x=D.






@D Titegals {nd Atidesivatives

—recall: tem-by-Teawm am*iqlme«m‘tfajlm G pro=s @ies
—aim ; £10<C S:F’(z)dx =F(»—-F@ 'XE_M
6= Cenat = G0 =F60
Caudisn Dasboux’ Thm sagp V&Y detivalive saIi'que& TUP
(cumdes, SEOD . a Jump disdm"hmui‘l‘y eq. \4(1)=ﬁ jj:{;%g
Then $00) conmdl be eq)a.aD = a deduative
le, €00 # 6'x) ;e ;5[T)di' does sl exd

Ivfreﬂmﬁ Ph-l.ﬂlj or o avhikexivolive St Livid Mol
{udisus we wan  legle.




—tecall: tewm-by-leam am'“clm&uﬂ?&f 19% % poro=s W= ]2
—aim ; £10<C S:F?z)dx =F (b~ l':_(a)
G o= (Z)dt = Ge==S60

DL R R e

@ B@_ C!b(e :& ",-' < oA e ‘ Junlicun a _,_,.1,_ §
\

— Riemann/ Doboux Tulegeal) ; Riemann-Stiekties Tulepcal ;
Leb%gue Tu 5  Donield iu%a) > tHaax ‘JW;IIELE&C.@
Stalousuichn I 5 Jdeung  wlequals e - - -



MLI@}ZQL OA QA UNder a Cusve

ot §:(a/ Bl >R be a bswnded qunclisn. i
Pastition Pg [a.b] s a Jiuile sl
P=g a0, X)) --->Xn k =

P paaliisva [a,b] iwls n subinlesuall ; Crod, Oz, - -5 Bln 2]



MLI@}EQL OA QA UNder a Cusve

ot §:(a/ Bl >R be a bswnded qunclisn. i
Pastition P g (o, bl wa uile sl
P=g a0, %, --->Xn & =

P paliiova [a,b] iwls n subiuleyvalg 5 T, Ge¥s), - -5 B 3]
ox caon [, ,9(2] @ 'P} )5k m.= Mk{—sa) .'xa[ze_,_qe]} "k
e il D M
P’f,z =SHP-§§[X) , XE {.Jcb__* ,9(?7}
e o o G =
es Sum ¢.£ w3l ¥ ik LEP) =2 Ma ()
= } L&, P)

M———%————U Sum £ wgt P oia ,l__o P ‘:imtz Cy2) | < U(f, P)

k=




Given a patlifisn P=4%,x,,- >} § (a,b].
A pokiion § Lo, b] ia calleq a Aegf_v'v\ameul‘ % 1% 4 g = D\

Lemma [ Reynemendar Rexine

9, PcQ thou LEP=LEKR) and eE Q) <UKP)




Given a pattitisn P=4%,x,, >}t g (a,b3.
A pokition Q § [o,b] ia calleq a Aey_r'mameul' gl 42 QQ_@P

Lemma [ Reynemenlr Rexine

9 PeQ thon LEP=LER) ad UED<ULP)

Brog fince P& oud b PLQ e fuile sels, v
have |R—~P| n {fud)l-e— S0 we can 86[?6.50_ Qe
§hnoing  Kizese k=( Q P Times (ot siuply ds (dudion m R);

Lol 22 QNP T Zz [Hen ] 1 Ve speupic k., 1<2<n.

In Lonoos Sum mp.cxa'":(z—-z)‘: MF[DQ_"Z)"’ m%(%-/“t’p.—l) ,,,:6

Nre mb =In€ $500: X[z, T8 mziij);mi(jq“) ﬁj_
My = s S50 2 X [Hpy 2]} m:’zzmggm?zmh T, 2 e




Levmma 1 Lg% Suwas —é UF’PG’J}’ §um§j < :labl— (R
(£ P < OCP)

() AU Pin o PMT”TWI o Ja,b] TTon L
9_% P and Pz. are any Twso mﬂhWA & (a, b

Han  L(SPY= U&EPR)

aﬁ_Od @ 'Bﬂ de¢n‘mihm-
lef =TV , tke MMEN qug'u\meﬁg PR .

So ?14—'(? aond PZ-QQ

AFP(LJ\'L«:Q pgevi? Aemmo,

L t6,0) L1 6,0 2 UK = UER)



€:ravl—=IR
As potilisna Qe mete Agrined, susn oo eflivwale. inciecaons

owol sun upper elinale decwasces ,ie. LEPDE UKP)
@I‘clm.

}leq.g_ b%ef (¥ be Tho cs®ledion @raﬁ) porsible postilisna
3 L8l

Upper Tulegral . €, UK) = g QUL P): PP
Ltoweh Tategral §€, L&) =supLLER : PP 3

326 P Wg{'m@l \ép 0(£.0)

V 14 (

Kopntd Ma 7 g




€:rav]—=IR
As poddilisns Ql wmete Agrined, sus looeh eflinale. incieon

owol sun upper elinale decwasces ,ie. LEPDE UKP)
getcluﬁé%.

}Leéﬂ_ et (P be Tho coRledion q al) persible postilisna
Q) La,b].

Upper Tulegral g €, UK) = g u&P): P=PR
Lower Talegral 9 €, L(£)=Sup LLER : PP}

Degn L £:Top) >R bk o bounded yuicdisn.

e sag £ 4 _Riemonn infegloble i UL) = L&)
du Tuis cote we densle : S& = W€D = L&)



MQ"_ let €:Ca,b]—=[R be a bsuwdﬁd.,:tuud‘:s-m,
cay m<LLOOSM Fxela, k). Then

m(p-0) < L&) = UE) < M (pb-a)

KL | () =supd LE&P): PePd < '_':l_-_;_eg U P s Pl =04

oW? we koo L&) < DEP) ¢ ol BPeP
Chowo - 9| x£A ond s B = X<\ supA<iyR

TRY T/




Pﬂgeeg(bm let €:00,b]—=R be a bsunded %uucl?m/l)
say M <LLO0<! Nxsla,b). Tkeun

m (p-0) < L) < UL) < M (p-a)

2258 L(—Q=5“9§¢ L4,P): PePd < e SUEP) s Pl S=0U&)

Y7 we bno LEP) < DEP) & all BPeP

Chew - Q] x£A ond yeB 2 X<y Tan supA<iyk
= &

et B, =40,03 be e 2-poiul padilion & ta,e] (5 lq,x=b)
| [£)=csupal(5,9): Pe(P} V(€)= g QUG P : FeT$
2L (5, ) < UERD
e }é m;, (7(['"3(;"—:) s Zﬂ My C%"';G"D

—m, (b=aD = m (b—a) — M(b-2) < M (b-a)




_Exampler
O $:r0,6]) >R giveu by S)=C Hx£70,5]
e have  m=c <£0<C=L

2Y pevisur Rop,  C(brad<s LO<=U< clb-o
Tt ia L= UEE)
9 ffooebf eupli & eguals cp-a)



@D Ler £:[0,3>® be Mo Disichlel Fandisn -
sn=52 g xeQ ] Rewl): e discontinusus wergsloe



@D ler £€:0,3=>® be Mo Dirichlelr Fundisn -
L(1)= 4 ’c{- 75—@. ] Rewa) ! e diaconTinusua ﬁvejdlﬂ.ua

Claiwm. =X ia

nt i'ui‘w,e
E&@_ Let” P e an axbiﬁ,a)xtd P TTEn q 20,17

Ead Swbidewol (e ye) ¢ P md contain st

Aolimolr oud  issalisnaly  (by dengily g @ ond T )
(O mﬂ._ O OMCL Ml-l .1. ’VR

* L(EP)= Emk (A~ >(e-.>--ZO e = O

L=
U(f/?) ZM; (B %) = > | (- )= 01—;@7-(1 -r/,zg«?' oy %
= Ap—F, =
$o L(€)=supy LEP): PeQl = cupSO}r =D
O = h.%,{u CE’:I?) PcPr = 5 (u,‘_ Qi}% M?—M






foe ol colinusus Undions inteoratie7
Ohal absid dincontinusus pundiigns 2



S"{Pg. L 65,2 fnbv{()(f‘;?)}
Lo evow | (—€) = U(é) oﬁuwfs
2L, £ 4L e @ LEY=0(

Recold a=b & Ye>o [a-bl< & t be osbibiarily clse
to Elewedh g LES



: -:.:.b —> i
Recol: O = Pex>D A bl< é t be osbibuasily cle
to Elewedh g LES

Thestem [ Tutegea bilily Citesig
ler $:lavl—R be beuvnaad.

S in iura?fabte o=y Z.’éj" 3 sorlition 2§ Za,b]
uch Tt UER)-LE PD< &



Recall: O=b & Ye>0 lo-bl<é to be osbitauly clxte
to Elewedh g LES

Thestem [ Tutegea bilily Citesig
ler $:lavl—R be beuvnaad.

S in iu};%tabtcz = #e>0 T poLilion R g Cabl
such TCwaX U(—f}‘&)__z_é_(}p€><6

rflasy (o 5:rabI—=R ke boundod

oA l'ufe?ﬁab&e & T reqpence § ps s P, 4 Bh)
ek .‘f;""" [U(ﬁpm)'L&Pn)j-';“ O

>0

[ See Exercine 7.2.3 1



supy L&Y /‘: { V&, P)

Lo kv Lg[-g‘) < €) olsoys

I, € i’l'e%wdo\ < Y=UF) , 1€
) . = L() (J emerdIA VEE)

Recald: p=b &> Pe>0 labl<e to be osbifuarily clste
to Elewedh g LES

Theefem. [[TuleH bi il y Oile3i6
ler” $:lapvl—R be bouvnad.

S in iura%fablcz = #e>0 T poLilion R g Cobl
such Tl UER)—LERI< &
ooy [<

iven 670%02%2’1 a pae’nﬁﬂ Pe ez}/&g/

T @) - L) = UER) —LER) <€
Than UE)=[LK & by clhos. § a=b abgve)



] 5 v idegrable , ss L£)=0E)
dince. U($) in The Nk, ie, gpeafert lewesr bsuna %Ué” %

e ewsw, Given 70, Ja portilion P «T.
U, 7)< U+ 7%

Smiloaly, g L(€) o4 Tua SUP, o gef a poxtition ¥, st
($,P) < LK)~ 72



[:—jl < A 7ufe.aaw.ble , 58 L($)= O ). .
fince.  UE) 1n The ‘\V\% - M@K‘ lewes loG'HWd % %,@

Le kwsw, Givem €70, Fa porstilion P T
UG, )< U@+ % —

Smilorly, {1 L(€) o4 e Sup, o€ oo a poXlition (Frar
L(5,P) < LE)- 92 —&Y

LeX T =P VUV, , dhe MMM Kecy(uomauﬁ_

UG B)— LEPe) < VE ) ~LLE %l U= “Ee‘“&z'@"ﬁ‘??

< (U@)+8)— (L)~ %) —rs@RE
— (EEdA +%—g§/aﬂx+% =—§'l'§ =6



Thestew | (svilTnusus —éfmf%b)e—l

U §:00,01 =R i avilinusws, tlon 5 ia lulepoable.
Tesmy S coidivous sn- cmpad g =5 € iabsunded. ad wni- codl .
Giveu €70, siuce £ia W] ., IS >0 <.
S—€0O | < € & Al |- gl <S oA oM A [0.b]

b-Q
LJW %_ CO, bj <T: bj('e: 2'2_3(2_-] <<g -Hé

M eachsubidervad @ Tz, (A, de), EVT Tells us 1ot

Mb:—: é‘:f:"i] e —S:CZ,,_) N semne€ Ze & Ezaﬂ"l):)(‘g]

= £(3,) ot Some o€ (K%
/




Whal aboud dusconllinusua _,gmcl'im/s?
Example

I [1+%, 2], M= ond My=1. |
Ul Pe) = = My 0lte-d = 1(F§-0+1 (RE-EE) +! (2-(+9)

g=I = — € +<€ _|4€ —]l—€¢ —
_1ﬁ+lq_ lq—f-z lz_g

L-(’fz ?e,) = Zn’“; 67(2_ 7[2-—;) =1 (l“%—-D) 'l'DC“'.zé; —(l“%)){- [ (2-" (1"-4‘—-'))
e 21“%42"1“'%:2—%
o V0L P) = 2—(2-%) = %% <€ .. $soar ewta b equals 2.



(Ohat l.,{; £ lhar R dirxcovlinwi

@) Let $:lo2) =1 ox 5("):‘?; '

i
g d s 2

Dering . as ¢



Ohat § § kas 3 discovlimwities ?
j' =
@ Leh 5 [012-1_’1?‘ or S() :{O il ~=1 ot 1§

4L
d s 2

DQ(fVLe P& oA 7 Pe={o, £, [+ £ : I-S'-__é)(-S'+_6_)2} N=5

& & € §

(hede- (same et crompe D)

U Cf; pé) m— 2.

so V(EBE.)—L €,0.)< &
and (€ 0)=2"% } )~ LER)



&)buaﬁ’% < haa R discoutivuitiea ?

(e ulo /(QPQO:Q_ o __&____’_P_’—Q

pevisut  osgumeds by depinieg 41 41 T 5

0 VI ’ri‘edwce
o petlilian Ve Mol “cololer’ camn g
dia cm”ﬁ‘nw‘rﬁ .

ds Thete au EQLMC R /de.aM&"; U‘Q,%?



&)buaﬂ'gt £ haa R dwcoutinuitier 7

: - ’ 1 2=
Uging The cuprodexizalion § Jeqaboilis, = T L e b

e can P
“Thekam et €7labl=R oud O<c<b.

< A W Pe on [a.b] & £ ia 'luﬁ%ala\e N
l 3 et [0.¢] ewd (& B).

L& £ hog diacovitinuilies s\ pSiulA

d; ;dz,dy v L0/k], [y ‘

Che £ i (WJeguable sn 3 Wiexwals
eodn covidiwng exadly sne d; -






