
Motivation New approach Key point: Error bound based on cones Numerical Examples Conclusions References

Reliable Error Estimation for Quasi-Monte Carlo
Methods
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Reasons

Multidimensional numerical integration?

- Applications: option pricing, ion transport models, statistical physics...

Some common techniques:

Method Convergence

Trapezoidal rule: Opn´2{dq

Simpson’s rule: Opn´4{dq

Monte Carlo: Opn´1{2q

Quasi-Monte Carlo: Opn´1`εq

(n: number of data points)
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Problem

Computational problem

Quasi-Monte Carlo methods:

ż

r0,1qd
f pxqdx «

1

n

n´1
ÿ

i“0

f pz i q , for fixed z0, z1, ¨ ¨ ¨ P r0, 1q
d

Koksma-Hlawka inequality

errpf , bm, tz iuq :“

∣∣∣∣∣
ż

r0,1qd
f pxqdx´

1

n

n´1
ÿ

i“0

f pz i q

∣∣∣∣∣ ď
Quality of z i

hkkkkkkikkkkkkj

D˚pbm, tz iuq
loooooomoooooon

Opn´1`εq

Roughness of f
hkkikkj

V pf q
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Set-up of the scenario

Rank-1 Lattice Points

Rank-1 Lattice Points are of the form:

Pm :“

"

h
j

bm
pmod 1q ; j “ 0, . . . , bm ´ 1

*

We provide the following structure:

Pm :“ tz iu
bm
´1

i“0 ,

t0u “ P0 Ď ¨ ¨ ¨ Ď Pm Ď ¨ ¨ ¨ Ď P8 :“ tz iu
8
i“0

PKm :“ tk P Zd : xk , z iy “ 0, i “ 0, . . . bm ´ 1u,

Zd “ PK0 Ě ¨ ¨ ¨ Ě PKm Ě ¨ ¨ ¨ Ě PK8 “ t0u
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Set-up of the scenario

Example of Rank-1 Lattice
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Figure: Lattice example for h “ p1, 5qT and n “ 16 in base 2. On the left, P4;
on the right, some points of PK

4 .
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Mapping the wavenumbers

Ordering wavenumbers

We define a bijective mapping k̃ : N0 Ñ Zd such that for all m, λ P N0

and κ “ 0, . . . , bm ´ 1,

k̃p0q “ 0, k̃pκ` λbmq “ k̃pκq ` l for some l P PKm .

PKm,0 . . . PKm,2m´1

PKm`1,0
. . . PKm`1,2m´1 PKm`1,2m . . . PKm`1,2m`1´1

With this mapping, the Fourier coefficients are ordered in N0 and one can
rewrite f̂κ :“ f̂ pk̃pκqq.
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Mapping the wavenumbers

Error in terms of Fourier coefficients

The error is then:

errpf , bm, tz iuq : “

ˇ

ˇ

ˇ

ˇ

ˇ

ż

r0,1qd
f pxqdx ´

1

bm

bm
´1
ÿ

i“0

f pz i q

ˇ

ˇ

ˇ

ˇ

ˇ

“

∣∣∣f̂ p0q ´ f̃mp0q
∣∣∣

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

lPPKm zt0u

f̂ pl q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

λ“1

f̂λbm

ˇ

ˇ

ˇ

ˇ

ˇ
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Idea

Intuition

f pxq “ x2 ´ x ` 1{4 gpxq “ 3
5´4 cosp2πxq

f̂ pkq “ 1
2π2k2 , k P Zzt0u ĝpkq “ 1

2|k|
, k P Zzt0u
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Llúıs Antoni Jiménez Rugama Illinois Institute of Technology

Reliable Error Estimation for Quasi-Monte Carlo Methods



Motivation New approach Key point: Error bound based on cones Numerical Examples Conclusions References

Outline

1 Motivation
Reasons
Problem

2 New approach
Set-up of the scenario
Mapping the wavenumbers
Idea

3 Key point: Error bound based on cones
Cone assumption

4 Numerical Examples
Predicting the error

5 Conclusions
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Cone assumption

Error bound in terms of the Fourier Coefficients

Cone assumptions (f P C ô af P C)

There exist non-increasing pω and qω such that for all 0 ď ` ď m

pSp`,mq :“
b`
´1
ÿ

κ“tb`´1u

8
ÿ

λ“1

∣∣f̂κ`λbm

∣∣, qSpmq :“
8
ÿ

κ“bm

∣∣f̂κ∣∣ Sp`q :“
b`
´1
ÿ

κ“tb`´1u

∣∣f̂κ∣∣
pSp`,mq ď pωpm ´ `qqSpmq @`, qSpmq ď qωpm ´ `qSp`q @`˚ ď `.

Then we can bound the error as follows:

errpf , bm, tz iuq ď

8
ÿ

λ“1

∣∣f̂λbm

∣∣ “ pSp0,mq ď pωpmqqωpm ´ `q Sp`q .
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Cone assumption

Example of cone assumption
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Cone assumption

Example of cone assumption
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Cone assumption

Error bound in terms of the Approximated Fourier
Coefficients

Since Sp`q is not an input for the error bound, we need to bound it in
terms of the approximated Fourier coefficients:

Sp`q “
b`
´1
ÿ

κ“tb`´1u

∣∣f̂κ∣∣ “ b`
´1
ÿ

κ“tb`´1u

∣∣∣∣∣f̃m,κ ´ 8
ÿ

λ“1

f̂κ`λbm

∣∣∣∣∣
ď

b`
´1
ÿ

κ“tb`´1u

∣∣f̃m,κ∣∣
loooooomoooooon

rSp`,mq

`

b`
´1
ÿ

κ“tb`´1u

8
ÿ

λ“1

∣∣f̂κ`λbm

∣∣
looooooooooomooooooooooon

pSp`,mq

ď rSp`,mq ` pωpm ´ `qqωpm ´ `qSp`q

Sp`q ď
rSp`,mq

1´ pωpm ´ `qqωpm ´ `q
whenever pωpm ´ `qqωpm ´ `q ă 1.
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Cone assumption

Guaranteed, Adaptive and Automatic algorithm

Given an error tolerance ε ą 0 and an integrand f , fix r P N and let

C “
qωprq

1´ pωprqqωprq
.

Initialize m “ r ` `˚ P N.

Step 1. Compute the sum of the approximated Fourier coefficients
rSpm ´ r ,mq.

Step 2. If the error tolerance is satisfied, i.e.

CpωpmqrSpm ´ r ,mq ď ε,

then return the Rank-1 Lattice answer.

Step 3. Otherwise, increase m by one, and return to Step 1.

Theorem:

∣∣∣∣ż
r0,1qd

f pxqdx ´
1

bm

m
ÿ

i“1

f pz i q

∣∣∣∣ ď ε if f is in the cone.
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Predicting the error

Going back to the beginning...
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Llúıs Antoni Jiménez Rugama Illinois Institute of Technology

Reliable Error Estimation for Quasi-Monte Carlo Methods



Motivation New approach Key point: Error bound based on cones Numerical Examples Conclusions References

Predicting the error

Basket option: European Call in 1-D and 10-D
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Tolerance
Real error
Predicted error
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Tolerance
Predicted error

1-D 10-D

S0 “ 100, K “ 120, S
piq
0 “ 100, K “ 1200,

σ “ 0.2, r “ 0.05, T “ 1 σ random, r “ 0.05, T “ 1
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Future work

Defining the relative error bound.

Fitting the cone of functions into a more familiar space (Korobov).

Lower and upper bounds on computational complexity.

Implementing and adding this code to GAIL
(http://code.google.com/p/gail/).
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