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These theorems may be cited at any time during the test by stating “By Theorem ...” or
something similar.

Theorem 4.1 Criterion for a' = a/.
Let G be a group, and let @ € G. If |a| = oo, then all distinct powers of a are distinct elements.
If @ has finite order n € Z*, then (a) = {e,a',...,a" '} is a set of n distinct elements, and

a' = o’ iff n divides i — §.

Theorem 4.2 (a*) = (a8cdm#)),
Let a be an element of order n in a group and let & be a positive integer.
Then {(a*) = (a#d™*)} and |a*| = n/ ged(n, k).

Theorem 4.3 Fundamental Theorem of Cyclic Groups.
Every subgroup of a cyclic group is cyclic. Moreover, if [(a)| = n, then the order of any
subgroup of {a) is a divisor of n; and, for each positive divisor & of n, the group (a) has exactly
one subgroup of order & — namely, (a™/*).
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I. Examples, Counterexamples and short answer. (7 pts ea.) Do not give proofs, but
clearly indicate your proposed example or counterexample, or short answer where appropriate.

1. Find integers a, b, and ¢ such that a|c¢ and b|¢, but ab Jc.
a=H4 bzl c= 13
4 \\B oneh (o \\} b ut Yelp=H ,{/ I

2. Suppose that x1,as,...,2z, are elements from a dihedral group, and that the product
T1Ts - -2y is a reflection. What can you say about the number of z; that are reflections?

This N BN s b ob(\-

3. Give an example of a group G that has an element of finite order greater than 1. and an
element of infinite order. Write down these elements and their orders.

)RJ‘( (o miﬁ@\'l C C(hovs
\“\ =2 ‘]Q\: 8.3
e\ i Pinre

4. Draw the subgroup diagram of the dihedral group Dy = {Rq, Rao, Riso, Rare, H,V, D, D'}
Each subgroup appears once, and there is a line between subgroups if one is contained in
the other with no subgroup in between.
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5. List all of the generators for the subgroup of order 8 in Zo,.

\(37\:9 £37= (P (37 27y
\ 8 5 =

(e prans & sabisfy  ged (8 8= 1)

6. Give two reasons why the set of odd permutations of S, is not a subgroup.
(D C s an evon prvwdation
@\ Ha Pmd»ud’ of s OO p@\mudszdww S an
2000 P‘Q;\W\\Jd’o(h N,

7. What is the order of the following permutation?
1234567
T |7612345
o = (\‘433\(2(9’—*\
Cl&(\f_ \Jw\ghﬁ “f + 3
Lom (4,2 =12 = | &t

8. Describe two groups of order 4 that are not isomorphic. You could give the sets and the
operations or give the Cayley Tables, for example.

) Tee s of 180 dopae votdions of Hhe
rerakodon gus e Tduvy 4 o U(B)
(93 ZL_f [@Ed‘\ﬁ%"\\ ) en U((IDB
WU (8) = 2,82
us)=ulo) = z,
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II. Constructions and Algorithms. (14 pts ea.) Do not write proofs, but do give clear,
concise answers, including steps to algorithms where applicable.

9. For this question, the group G has Cayley Table as given.
( /) (a) Find the center Z(G).
@) (b) Find the centralizer C'(7).
@ (c) Name a group that is isomorphic to G.

G| e a b c d f g h i j k l

e |l e a b c d f g h i jj/ ']fc {

a || a b c d i e h 1 7 [| k ;E g
b || b c d f e a i J Bl i g h
c |l c d f e a b j k l [G\ ll h i
d || d f e a b ¢ k [ g | h ‘? J
fllf e a b c d { g h i lj k
alle |t & |5 i |n |e |7 |d |l |a

a

, b d

T(f_'; i |h ":gb 1 k @f} b a @:’ i
' d
7

d c

o=

a €

(OA ZCG\: {(o_)cﬁg L-%\\g Q_\mvd\s U-c)uvvxw\ abuo-muzv\«c[

ST Q((‘)\/\OL\ +la Slemoudt cow 0 6\\"'&&&/\(,\3

Ly = E Yhe olemendS in the o of
Uj\ C 5\ % € )C) ) %E ( 3 e et e B\ amaidc

o ha ATTRIEN D-ﬁ 3 at ‘H\Q
L (NS PRI WG p-ogxﬂou\}

(Q\ D(g
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10. Find ged(233, 55) using the Fuclidean algorithm. Find s,¢ € Z such that ged(233,55) =

2335+ 55 - £,
(;?5%: 55‘1"{ % 13 bl"C\L-SD\UQ‘, punc g 3 J_' @
55z 13-4 + 3 :Sb-IBLL{ o
- _:; -0 132 232-554 @
C) .
\% 55) = | @ @t 3z g5 - (232-55H
cc
3 & info (D1 | = 13- (SS_\?)\_L]},_L{

= 124F -55-4
@ ink eultr 1= (333-554 ) 13-559
5 Q38 1%= 55D

11. Find a group of permutations that is isomorphic to the group U(12) (which is possible by
Cayley’s Theorem). Hint: starting with the Cayley Table of U(12).

Wied= 21,53, 0% ‘
AR APPSR PR A

a b ¢ d
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315 o e (@ b oo d |
| SC A o b :(aC\UozB

wood@ C ot A A
v @ Sd -y a]'( d
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ITI. Proofs. (10 pts ea.) Part of the score is determined by careful formatting of the proof
(forward and reverse directions, assumptions, conclusions, stating whether you are proving by
direct proof, contrapositive, contradiction, induction, etc.). Partial credit will be awarded for

this as well.

12. Let z be an integer and % a positive integer. Prove that if x mod & =1, then ged(x, k) =
1. Prove that the converse of this statement is not true; i.e., that ged(z,k) =1 does not

imply £ mod & = 1.
@ L:>3 Aosume % wod k=L
B A@%nmw, gl oo e
?eawa‘{\%\\n% ) — 3 » R %
Thee | vs & Vinean O‘umbt\(\ochonma R awvd %) ond s
Ae smallest \oc-_é e N\‘bgp/\ _
Toluw %SQJ-V\\Q/\, s MP\L@D ﬁco\ [x, 4y = .

@ LC%) Fix =L and x=5%5 (ge:vwm\lué JQZQJ)(:{@,JB

\w\\\\ qeak (b 5)= | shee 1= G)+ S
el ?ﬁL bt & mod b7 5 # |,

13. Let H be a subgroup of R under addition. Let K = {2%|a € H}. Prove that K is a
subgroup of R* under multiplication.

By o-gtl avorD ~Hont .
ki PS@D&P IMAERD et b € K

i M Wz R implio Hhat _ X |
D€ H. Thus 2%°=1¢c K aed o R= QY fer some w €l
co Y. contans The M\fdﬁﬁ’g of R, H CLW{“:J MAAERS ) owno- SO

-a € T,

Cjﬂ‘?ﬁ-—-‘m \.a’r B, ks € B By defchon B, defnchin e K
. (8]
- WS fon ve @, 0y € H. Byt Qa;?‘a = Q,CS: 27°a

\z«,;~ G~ €H by e of S aF
H s Q.\h:@‘d undin ngfn]GHHa " omd So Ko Cents Hhe
E)La &Q‘p\m"‘x@m Dvc K, Q,. ' C— J< BLLT b\\«\\xQ}\DQ 010 :—D,Q
s 15 e cave as SN 2 [ s, Twe K& F h B—S'tcﬂo
whth e I Suberowp ’be&t 20
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Prove ONE out of 14-15. Clearly indicate which proof you want graded.

14. Suppose that |z| = n, where z is a group element and n is a positive integer. Find a
necessary and sufficient condition on » and s such that {z") < (z°).

15. Suppose that n is odd and o is an n-cycle in S,,. Show that o does not commute with any

permutation of order 2. (Hints: What is the cycle structure of an order 2 permutation? It is
helpful to consider whether a particular power of ¢ commutes with an order 2 permutation.)

Wi, By Theoew 4.3, AT 4X5Cd(ﬂﬂ7 Ak <X57:<Xﬂcd(n,s)>
Now s o= k3 gy it 1212 n Jacd (0,S) by, T 4 >
By, Treoom 43, K B /gdlnr)  must e
A JrorsDe of |4 2P| = ﬂ/gcc\(n,s-B PN\ VN fon
Lx"y & x>y

The Cond i MO m/ﬁjcd\(w\[ ®odln, @ 15 eguive st

Fo mr\, ‘Q\@QMV‘)F\[ ,

15, Lef B ol an odoe @ pooudodion v Sn. Sinee [gl 1e +he
Lom 5 mﬁ -HLS CBC\‘Q LQJV\&T}\_S i a| _SSQ\Y\J," C%(\Q “‘Oﬁﬁ D/\) E)
s of lawsh eve Scculle and e cptheS Tsagm Fram Q|
S n Ve 000 B obas ob least ene (—-%Q\Q) cau (g\
Let ke [ﬂ-l e an Qe of 4 B‘C'LCSC\\Q ot QS) So {a look § ltllée

e U (R B ome el

s - i
In Ao Cache no YA

Si‘\(‘,( 0} 1S cu\‘ “"Ck’g}\g; ) looks |1 le (Sh}-ﬂ-’{“g L I\QCQ.Q.QU\,VD
S P T
So et TN =k o some 12t LD

Now  GBUN=h , bur Baf(P={ 6 s & and £ gk commuite.
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